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might be simply that the wording of a paragraph be changed for clarliication; in other 
cases, whole sections outlining new techniques might be submitted. 

Each suggestion will be achowledged and will receive careful study. For those which 
are approved, revlsion pages will be prepared and distributed. Each of these will 
contaln notations as  necessary to glve full credit to the person and organlzation re- 
sponsible. 

Thls cooperation on the part of the readers of thls volume Is vital. Suggestlons for- 
warded to the Chlef, Bureau of Aeronautics (Attention AE-612), Washlngton 25,  
D. C.,  wlll be most welcome. 

L. M. Chattler 
Head, Actuating & Flight Controls Systems Section 
Airborne Equipment Division 
Bureau of Aeronautics 

IMPORTANTNOTE 

Thin volume r a n  written by and for englneere and scientiete who are concerned with 
the analysia and synthesie of piloted aircraft flight control systeple. The Bureau of 
Aeronautics undertook the sponsorship of this project when it become apparent that 
many slgnUicant advances were being made ln this extremely technical field and that 
the presentation and dissemlnation of information concerning such advancee would 
be of benefit to the Servtces, to the airframe companies, and to the tnd!viduale con- 
cerned. 

A contract for collecting, codifying, and presenting this scattered material was 
awarded to Northrop Aircraft, Inc., and the present basic volume represents the 
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PREFACE 

This volume, vvDynamics of the Airframe, 'I has been written under BuAer ~on;?act' 
NO a s  61-614(c), in order to present to those concerned with the problems of designing 
integrated aircraft controls systems certain basic information regarding aerodynamic 
stability and control. 

The purpose of this volume i s  to present those elements of aerodynamic stability and 
control that describe the airframe as a dynamic component of a control system. This 
volume i s  written for the college graduate who has had training in system engineering 
with the intent of providing him with the basic knowledge of rigid body airframe dynam- 
ics that bears directly on drcraft control system design. No attempt has been made 
to give anywhere near complete coverage to the subject of aerodynamic stability and 
control; but rather, the attempt has been to give the system designer enough of the fun- 
damentals so that he may work more closely with skilled aerodynamicists. 

The approach used in this volume has been to describe the transient behavior of the 
airframe through the transfer function. Special attention has been given to the use 01 
an analog computer as  a design tool and the Bode chart method of presenting results. 
Also included i s  a detalled discussion of the stability derivatives that enter the transfer 
functions. In these respects, it i s  hoped that tNs volume may also be of some value to 
the practicing aerodynamicist. 
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CHAPTER I 

INTRODUCTION 

The airframe is  a prime unalterable component d the aircraft control system. The 
control system also contains various mechanical and electrical component8 and in- 
cludes a humm pilot. The basic purpose of this volume is  to construct and to discusr 
a mathematical model, of use to the system designer, of the airframe component d 
the overall system. 

The motion of an airframe Ln flight is  determined by the propulsive forces supplied 
by the power plant, the force of gravity, the inertial characteristics of the airplane 
and aerodynamic forces. To derive the equation8 of motion of the alrframe, it L 
necessary to equate the forces and moments actlng on the airframe t o  the c r d t  re- 
actions, according to Newton's laws. The transfer functions relating the motion d the 
alrframe to a given force can then be determined by solving the equations of motion. 
The transfer functions completely describe the transient motion of the airframe within 
the limits of the approximations made during their derivation. The transfer functions 
for various control deflections are derived in Chapter 11. 

Chapter Rl is devoted to an lnve8tigation of the characteristic motions of the airframe 
by analysis of the transfer functions, which ore expressed as  ratios of polynomials 
in the complex variable s . Useful approxlmatlons to the time conatanta, natural fre- 
quencies and dampings contained in these polynomials wlll be presented, along with a 
comparison of the exact and approximate results. These approximate result8 will 
then be used to demonstrate the effects of various factors contained In the transfer 
functions on the characteristic motions of the airframe. The effect of the flight eon- 
ditlon of the airframe on motions caused by control ~u r face  deflections will be in- 
vestigated by analyzing reeulte of solutions of the equations of motion from an analog 
computer. 

Chapter IV presents a detalled discussion of the aerodynamlc coeffklents which are  
Included In the transfer functions. These coefficients arc analyzed ln relation to the 
variourr factors that must be considered in their determlnatlon. 

Methods of obtalnlng numerical values for the aerodynamic coefflclents are dlecussed 
fn Chapter V. 
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CHAPTER II 

DERIVA'TION OF 'THE AIRFRAME TRANSFER FUNCTIONS 

SECTION 1 - INTRODUCTION 

In this chapter, the transfer functions relating airframe tlons, and the restrictions that must be imposed on 
motion to control deflection are derlved. The controls these equations to permit conslderatlon of the so-called 
considered are  elevator, allerons, rudder, throttle, longltudlnal motions of the alrframe independently of 
flaps, and dive brakes. the lateral motlons a r e  described. 

The equatlons of motlon of an airframe are  written by Laplace transforms and determinants are used to solve 
equatlng the forces and moments actlng on the airframe the equatlons of motlon for the t ransfer  functions. 
to the craft reac tlons, in accordance with Newton's Throughout the derlvatlon of these transfer functions , 
laws. It 1s shown that a set of Eulerlan axes may be assumptions are made that partially restrlct the range 
used advantageously as  a frame af refere~lce for wrlting of valldity of these transfer functlons. The assumptlons 
such equatlons, and the propertles of this axis system are discussed when Introduced and are  restated at the 
are then discussed, The theory of small perturbatlons end of the chapter. 
is introduced into the derlvatlon to arrlve at linear equa- 

SECTION 2 - EQUATIONS OF MOTION OF AN AIRFRAME WITH RESPECT TO AXES FIXED M SJ'ACE 

In thls sectlon, the equatlons of motlon of an alrframe Conslder the motlon of an alrplane referred to a rlght- 
are derlved accordlng to Newton's laws, that is,  with hand system of Carteelan axes flxed In space. Tlre alr- 
reference to axes fixed In space. plane has a mass rn, a linear veloclty v,, and an angular 

veloclty 3. The component quantltles related to these 
ASSUMPTION I. The alrframe Is assumed to be a Inertial axes are Illustrated In Flgure 11-1 and tabulated 

In Table 11- 1. 

A rlgld body 1s defined a s  one In whlch the distances 
between any specllied polnts In the body are invariant . 
Thls assurnptlon ellmlnates consideratlon of forces act- 
Ing between lndivldual elements of mass, and It allows 
the alrframe motlon to be descrlbed completely by a 
translation of the center of gravlty and by a rotatlon 
about thls point. 

Thederlvatlon afthe equations of rmtlon incorporates thls 
assurnptlon, and later some of the effects of aeroelastlc 

F ~ g u r e  11-1.  

U o t ~ m  of  An Airplane 

Blnce all motion 1s relative, a sultable frame of re f -  Referred t o  I n e r t i a l  Axe. 
erence descrlblng alrframe motlon must be selected; 
to meet this requlrernent, the following assumptlo~r is Newton's second law of motion states that the rate of 

chango of momentum of a body 1s proportlonal to the 
force npplled to the body and that the rate of change 

ASSUMPTION LI. The earth Is assumed to be flxed In of the moment of momentum Is proportional lo the torque 

Thls atisumptlan provldcs the needed frame of refurence 
wlthout ln~povlng any practical llmltatlons on the equa- 
llone to Lc derlved. 
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where Z P,, Z F,, and f Fa are the summatlone of the 
companente of applled force parallel to the I, Y, and e 
axes reepectlvely; where EL, EM, andX N are the sum- 
matione of the componente of the applied moment about 
the x, Y , and z axes reepectlvely; and where h,, h,, 
and ha  are the components of the moment of momentum 
about the x ,  Y ,  and z axes reepectlvely. 

alrplane after all fuel la expended, but the t h e  rate .of 
change of maee due to fuel consumption la relatively 
emall and may be soi.ely neglected for the perlode of 
tlme requked for most analyaee. (The effect of flrlng 
ammunition and dropplng external etorea le coneidered 
In Bectlon 4 of Chapter IV.) 

Many of the following pages are devoted to an expanelon 
of equations (11-2) by lnveetlgatlng the dynamlce of an 
lnilnlteelma1 element of mase dm of the airplane ehown 
In Flgure 11- 1. 

Flgure 11-2 shows the componente of llnear veloclty ol 
dm due to angular velocity a. The accuracy of thle re- 
preeentatlon c m  be verUled by multlplylng the proper 
componente of angular veloclty and dleplacement ac- 
cording to the rlght-hand rule for vector quantltlee. 

The components of the moment of momentum are cal- 
culated by eummlng the momente of theee veloclty 
vectors aba~t  each axle and multlplying by the mass dm. 

Linear Angular Sumation Gunrmation Displace- Yomente Yoment 
Velocity Velocity of Lbrnente of Forces olente ofYomen- o f Axis Along Along About Along About turn About  Inertia 

Axi e A x i s  Axi  s Axie Axi e A d  e 
P 

X U Rol l i l l g  E L = F, @ h , 111 
Vel. 

Y V P i t s i n g  f U I F, 0 ", I,, 
Vel. 

R 
z w Yawing x N I Fa P h1 111 

Vel. 

Table 11-1 Notat ion 

To allow the mass of the alrplane to be wrltten outslde For example: 
the dlfferentlatlon sign in (11-I), another aseumptlon 
is made: dh, Y ( Y P ) ~  Z ( Z P ) ~  - Z(XR)& - Y ( x e m  

The eet of equatlone obtalned In thle way consiete of: 
ASSUMPTION III. The maee of the airplane is assumed 
to remain constanf for the duration of any particular (11-3) dh, = (ya  za) P dm - zxR dm - YX Q dm 
dynamic analysis. dh,= (za*xa)edm-xyPdm-yzRdm 

Actually, there 1s considerable dlfference in mass be- 
tween an alrplane carrylng a full fuel load and the same 

I - -  - -  J tt._ z - - - - - - - - - -  
f i g u r e  11-2. Linear Ve loc i ty  Compa?entr o f  an Element o f  Mars hrs t o  an Angular 

V e l w i t y  CJ Having Comp4nentr P ,  0, and R 



For a flnlte mase, the components of the moment of 
momentum are  the Integrals of (II-3) over the entlre 
mass: 

h, = p J ( y a t  za)dm- V x v d m - ~ J x z d m  

('4) h,  Qf(za t xa)dm - ~ f y z d m  - ~ J y x  dm 

h,  R$(xa*  ya)dm- ~Jzxdm-Qj'zydu 

The integral $(ya * z a ) b  Is deflned a s  the moment ot 
of lnertla, I,, , of the entlre mass of the airplane a b u t  
Ule x-axis. Slmllarly, the integral JW 1s deflned 
aa the product of inertla, I,, . The remaintng integrals 
in (II-4) are similarly defined and the equations may be 
rewritten as: 

where I,, = &, , from the form of the Integrals. 

SECTION 3 - EQUATIONS OF MOTION 

The equatlons of motion wrltten wlth respect to flxed 
axes, (II-8), could be used to descrlbe the motlon 01 an 
alrplam a s  a functlon d t h e ,  hut there are reasons why 
it is expedlent for thls purpose to use an Eulerlan axla 
system. In thls section, the nature of Eulerian axes - reasons for thelr use a r e  dlscuesed, and the 
equatlons of motlon of an alrframe are  expressed tn 
terms of quantltlea measured relatlve to these axes. 

Constder an alrplane flying with an absolute h e a r  veloc - 
Ity, V,, and an angular veloclty, G , about its center 
of pavlty. At every instant, another right-hand system 
of orthogonal coordinate axes(x ,Y  ,, z,, ) , fixed in space, 
md orlginating at the center 01 gravlty, can be super- 
imposed on the airframe. At each Instant, the ortenta- 
tlon of these axes relatlve to the airframe 18 the eame . 
With respect to thla axis system, the alrframe has linear 
and angular velocltles and acceleratlons but no dleplace- 
rnents. Flgure 11-3 ehowe the alrframe with super- 
hposod axes at three different lnstante along Its fllght 
path. It may be notlced that the veloclty vector Is not 
necessarily allgned wlth any partlcular axle. 
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The derlvatlve $ may be found by dtiferentlattng each 
of (11-6) wlth r;gpect to tlme. When these rates d 
change of moment of momentum of an alrcrdt  are sub- 
stltuted in (11-a), the equations of motion relative to 
inertial axee become: 

WITH RESPECT TO EULERIAN AXES 

Suppose three instruments whlch read absolute linear 
veloclty a re  mounted In the airframe at the center of 
gravlty. If these instruments we allgned with the three 
axes ,  I,, y,, z,, they resolve the abeolute llnear 
veloclty, V,, into It8 three components along these pxse . 
According to the notatlon in Table 11- 1, these component 
velocltles are u,, V,, and w,, along the xy  y,, and z, 
axes respectively. 

At any lnstant durlng the fllght of the alrplane, theee 
instruments measure the linear veloclty d the alrplme 
relatlve to fixed space. However, because these in- 
struments and their axes are flxed to the airframe, they 
have the same tnstantaneous angular veloclty as  the air- 
plane, a factor whlch must be taken Lto account when 
wrltlng the expreselon for the absolute acceleratlon of 
the alrplane In terms of the veloclty measured by theee 
Instruments. For instance, suppose an atrplane la fly- 
ing at  constant speed wlth a constant angular veloclty . 
These condltlons a r e  met when an airplane flles in a 
circular flight path as In Flgure 11-4. 

f idure  11-3. Mot ion of A i r p l a n e  w l  tlc S u p r  in~posed Axes 
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By considering S g to be a smal l  angle, by setting 
sill S$J -8 $J and cou 8 $= 1, and by neglecting products of 
, : ~ l t a s ,  the x component of acceleratlon becomes: 

The rate of change of g Is an angular velocity about the 
e axis. Table 11-1 s h w s  that Is equal to R. Maklng -% 
thls substitution in (11-13) yields: 

Similar ly, 

In thls restricted two dlmenslonal example, P and 8 ,  
the angular veloclty components about the x and Y axes 
respectively, and W ,  the component of linear veloclty 
along the axis, were purposely selected to be z e r o .  
Thus, the total angul-w velocity Z Is equal to R ,  and the 
total h e a r  veloclty VTls the vector sum of the two com- 
ponents of linear velocity along the x and Y axes. By 
using the relationships: 

and 

and by keeping in mind the rules for vector cross mul- 
tlpllcatlon, the results al (11-14) and (11-15) can be com- 
blned into the single equation: 

Equations (11- 18) and (11-Q) a r e  then Identlcal. 

In the actual case of three dlmenslons, (11-9) appliee . 
Recalling that the components of the llnear velocity V, 
a re  dellned as  5 ,  i, and 1, and that the component8 
of the angular velocity L are  defined a s  P , a , and 8 
along and about the x , y, and z axes respectlvely, 
(11-9) may be expanded a s  the c r o s s  product of two 
vectors. 

(11-20) - i ( Q W  - RV) j (RU - PW) * k(PV-  w) 

By substltutlng the results of (11-20) Into (11-7), the 
compGnents of acceleration can then be wrltten as: 

Equation (11-11) Is repeated for reference: 

ThL expression can be written In component form as: 

Substituting (11-10) into (11-23) and performing the In- 
dlcated dlfferentlations yield (11-24). It should be noted 
that since the moments and products of hertla measured 
with respect to Eulerian axes a r e  constant, (11-24) do 
not contain the t e r m s  s imilar  to I,, and I,, which 
appeared in (11-6): 

In the discussion up to thls polnt, the orlentation of the 
of the Eulerlan axes with respect to the airframe has 
been arbltrary, and (11-24) a r e  In general form. Thera 
a r e  several  factors which Influence the o r  lentation 
chosen for the Eulerlan axes,  but these factors a re  
discussed, for the most part, In a later sectlon. 

Because the geometry of the alrf rame i s  conventlonal. 
a simplification of (11-24) can be made lmmedlately by 
choosing a particular orientatlon of the y axis, but be- 
fore considering an axls system oriented a s  the one In 
Figure 11-8, another assumption Is made: 

ASSUMPTION IV. The xz plane Is assumed to be a 
plane of symmetry. 

Assumption IV Is a very good approximation for most 
airplanes. and In the llrrht of this assum~tlon. It can be 
seen from Flgure 11-8 ?hat there I s  both a pdsit~ve and 
a negatlve value of Y for each value of z; consequently, 
I , , - j ~ z & l l  - 0 ,  and similarly, I,, -jxydm - 0 .  

The expanded for. n 11 the equations of motlon of an alr- 
frame referred to Eulerian axes can then be wrltter~ a8: 



Chapter II 
Section 4 

z F, m [ ~  + QW - RVI 
ZF,-  m [ ~ +  RU- PWI 

z F, m[h+ PV- QUI 

X L  - b ~ , ~  - ~ 1 , ~  + W ( I a S  - I,,) -PQIsa  

X M  = 41,, + PR(Ill - I,,) - R'I~,+ P'1.m 

Z N  R I ~ ,  -b1,' + PQ(Irr - I s x )  + W I a a  

Plune of QmmetN 

Flgure 11-8, Alrframe Plane of S y m e t r y  

SECTION 4 - EXPANSION,OF APPLIED FORCES AND MOMENTS 

left eidee of (LI-26) are the eummations of the ex- Thus, flight at a castant rate of turn could be claseUied 
forces and moments applied. to the airplane in a s  steady flight. 
The external forces can be claesified as  gravity 

The disturbed motion of an nlrplane at any instant can 

SECTION 6 - EXPANSION O F  THE GRAVITY FORCE 

gravity force can be considered to act at the center general direction cosine matrix is derived whhh can be 
ravity of the airplane, but slnce the origin of the used to express the vectors In any Eulerian iutibl systern 
rlan axes systeu~ i s  also located at the center of a s  vectors Ln another Eulerian axis system displaced 
ity, this force makes no contribution to the sum- from the first by the Eulerlan angles $, 8 ,  and #. 
on of external moments. However, it will con- 
te crmponents to the summation of external forces. Eulerian an&s are deflned a s  those angles through 

which one axis systcn~ must be rotated to superimpose 
o find the expressions for the component8 of gravlty it upon arlolher hrrvir~g irn initial angular dlsplacemetrt 
rcee to be used In the equations of motion for an air- from Ule first. III the following pages, these arrgles a re  
ane disturbed from some steady flight cooditioa, a d e f i ~ ~ c d  more colnpictcly by rotating an axlrc eystem 
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through each of the Eulerian angles in the derivation of Finally, as  shown In Flgure 11-11, the Y a  and za axe8 
h e  general dlrectlon coslne matrix which follows. The are rotated through a positive angle, 9, about the 1, 

tjrder of  rotatlon and the axes abcut which these rotations axis Lnto the posltlon d the x3,  Y, , axes. The corn- 
arc  rn de are ahown. Thls order of rotation la important ponente of the vector is this new aystem are: 
becrrn*~ all subeequent rotations must have the same 
order la  the lndlc~ted opera t io~s  are to give correct (11-28) X~ ' Xa 
result8 Y, Y, coe9 t ZI s ln9  

Z, 9 Za coe9 - Y a  alp9 
Flgure n-B ehows a vector In Ute x, y ,  z axls system 
with components X, Y ,  Z. The x and y axes are rotated Substitutlng (11-26) and (11-27) lnto (11-28) yield8 the 
In accordance wlth the right-hand rule through a positive followlng equatlons: 
angle, 9, about the z axis lnto the position of the I,, 
J , , z ,  axes. The components of the vector along these (11-2g) Z, . x cos e cos $ r Y cos e sin 9 - Z sin 0 
axes ares P,. X(ms $ sln 8 sin 9 -  sin we 9) 

"- 
(1r-26) X, x cos 4 t ?  in $J t Y(me $J ma #J+ sin $ sin 8 sin 9) 

- 
Y, - Y cos 4 -  X sin 4 t Z(ma B sin d) 
- Z, X(ms (I, sin 8 cos #J t sin (I eta 9) 
2, - 2. 

r Y(sin $J sin 0 cos 6 -  coe $ sin 9) 
t ~ ( W S  e cos 6) 

In Figure U-10, the xl , and z, axes are rotated through Thls set of equations may be conveniently written In the 
a posltive angle, e ,  about the Y, axis into the poaltlon following matrix form: 
of the x l  Ya, 2, axes. The components of the vector 
In the new system are: General Direction Cosine Matrix 

(11-27) xa - X ,  cos E - 2, s i n  B (11-30) I U I ~ I U  umtm l~mtm nod 

Y a  - Y l  

Z a  - 2, cos 8 .  XI sln B 

Fjdure  11-11. 
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e component8 of gravity acting along the axes of a force6 aslied to the airplane at my inetant durLng flightg 
lrturbed airframe are now determined in term8 of the Each of these summations may be rewrltten ae: 

component8 acting along the steady flight oxen 
u e o )  and the Eulerian angles. (11-33) I P, = Z F; t f, (Gravity) 

I F, - Z F; t f, (Gravity) 
Z Fa - Z pi t f,(Gravity) 

flight candltion, then 8 4 - # a0 ,  and the component8 
X,, Y,, and 2, reduce to (11-81). (11-83) Con be 
wrltten an: 

ZF,. IF;+X, 
ZF,. ZFJt  YI 
ZP,= ZFitZ, 

The force relatima from (II-25), wlth the gravity term8 
transposed to the right side, are rewritten as: 

IF; Q - R V ]  - X ,  
X F ; = ~ [ ~ * R U - P W ]  - Y a  
ZP; - m [ ) t  PV-  W] - 2, 

By substituting (11-32) in (II-35), the ewatione of (U-a6) 
may be written in the form: 

(11-36) 

f ~ : = m [ b  t QW -RV]t (W sin eo)cos8coe# 
Clgure 11-12. 

- ( w  cos e,sin%)cos 8 sin JI t ( W  COB eocosq$,)sin 8 

ZF;-~[~+Ru-Pw]+(w sinB,)(cos# sin8 s i n +  - 8 i n ~ c o s  4) 
X, - W  sln 8, 

- ( W  cosB,sinQb) (cos#coe++slnJI ein8sin 4) 
Yo W cos 8, s i n  $, 

- ( w  cos 8,cos 4) (cos 8 sln +) 
2, W cos 8, cos 4, 

The Components of gravity actlng along the disturbed 
Eulerian axes can then be determined by st~bstltutbg z ~;-m[;+pv-~l * ( w  s i n  8,) ( ~ 0 ~ 4  s i n 8 c 0 s ~  *sin+ sin 4) 
(XI-31) hto  (11-29): - ( W  cos Bosh 4) (sin # sin 8 cos+ -cos $ sin 6) 

- ( W  coe8,cosQb)(coa~ COB+ ) 

- ( W  co8qcosg)sin 0 

Y, ( - W  ein0,~cosJIsin 0 sin4 -8ln$cos 4) I L * ~ I , , - ~ I ~ ~ * ~ R ( I ~ ~ -  I,,)  -PQI,. 

+ ( W  cosOosin$)(con$ cos8 tnin$ s i n 0  s i n $  ) I ; M - ~ I ~ ~ ~ P R ( I , , -  I,,) - R ~ I , , + P ~ I , ,  

+(w C O S ~ ~ C O ~ ~ )  ( c o s ~  sln 4) Z N - ~ I ~ ~ - ~ I , ~ ~ P Q ~ I , , - I ~ , ~ + ~ ~ ~ ~  
Z, - ( - W  sin8,) (con$ sin0 cos + tain J, sln 4) 

+ ( W  conB,~1~1$) (aln J, sln 8 cos+ -cos$ ein +) Tllose equations are now complete except for the ex- 
+ ( w  COB O,COS$) ( c o ~  e cos $) ternal forces and moments on the left side whlch will 

Include aerod , mic and tluust forces a s  well as mo. 
The left eldea of the first three equations of (11-26) are merits due to cb.rtrol surface deflection. the mumnations of the aerodynamic, thrust, and gravity 

u-0 
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,, * 7 L\L..CTION 6 - JiELATION RRTWEEW TIIE RATES OF CHANGE O F  THE EWLERIAN ANGLES AND THE 
INSTAM'I'ANEOUS ANGULAR VELOCITIES 

Equ.lt~ons (11-36) a r e  to be linearized before they a r e  6,  and 4 a r e  not orthogoa~al. 
r>xp;~nded to Include the aercxlynmlc 'and Ulrust forces .  
3ul  f lrst ,  tlie relation between the ra tes  of change of T h e  posit ions of the vectors  in Figure  11-13 can be 
the Euler~an angles and the tmt;i~)tanecus angular veloci- checked by performing the actual rotations. The follow- 
ties i s  derived. ing relations can be obtalned by direct  resolution: 

Co13sider an airplane with axes tn the Instantaneous p s i -  
tlori of the x,, Y,, 7, axes displaced from the steady 
flight axes by the Eulerlar~ angles P, 0 ,  and +. The 
instanlanclous ,angular velocilles a re  p, 9 ,  and R ,  and 
the vectors  represent ing these  angular velocities 
a r e  directed along the x,, Y,, .and 7, axes respectively . 
In the derivatlon of the general direction cosine matrix,  
(11-30), i t  was shown that the Eulerian angle $ was a 
rotation about the z axis (see Figure 11-9) a.nd that the 
Eulerian angles 0 and 4 were rotatlons about the Y, and 
x, axes respectively (see F i w r e s  11-10 and 11-11). The 
ra tes  of change of these Eulerian angles can be repre-  
sented as  vectors potnted along the xxes about which the 
individual rotatlons take place. Thus 4, 8, and + are 
represented as vectors along the z ,  Y,, and x, axes, rc-  
spectively. Figure 11-13 shows a composite picture 
of Ule axes with the vectors representhp; both the ra tes  
of change of the Eulerian angles and the instantaneoys 
angular velocities. It can be seen that the vectors $ ,  

(11-37) sin 6 
~ = e  c o s + t J  s in+cos  e 
R.$ c o s d c o s ~ -  I j  sin 4 

The ra tes  of change of the Eulerian angles can be most 
easily expressed a s  functions of the Instantaneous an- 
gular velocities by solving (U-37) with the aid of deter- 
minants. This procedure yields the following results : 

(11-38) $ = ~ + g t n n @ s i n + t R t a n ~ c o s +  
8 -  Q cos + - R  sin 4 

These relations a r e  presented here  for two reasons .  
First ,  they a r e  needed to evaluate the approximations 
made when the equations a r e  linearized, and second, 
they a r e  potentially useful in the solution of trajectory 
problems. 

SECTION 7 - LINEARIZATION OF THE EQUATIONS OF MOTlON 

Equations (11-36) equate the aerodynamic and thrust dU0 = = 0, etc . ,  
f o r c ~ s  acting on an airplane to tlie gravity forces and to dt  d t  
the resulting inertla forces. These eqi~ations a r e  non- 
l inear s ince  they contaln products  of the dependent (11-40) 
variable8 and a l s o  because the dependent variables ZF; - m [ u t  QoWo + W o q + B o w +  wq 
appear a8 transcendental fimctions. 

-R,V, -Rev-v0r- vr 

In Section 11-4 it was stated that alrframe moticln could 
always be considered tile result of tlisturbing thr a i r -  
fr;tme from some ste;idv ilight condrtion. Accordingly , 
each of the total inc,l ;~ r~ taneous  velocity cornponentv 
of the airframe can be written as  tile sum of a velocity 
component durlng the steady fllght conditlon .and a change 
I n  velocity caused by the disturbance: 

U - U , t U  

v v o + v  
W - W,, + W 

P - P" + 0 

Q Q , + Q  

I <  - li0 + r 

+ ( g  sinB,)cosB cos$ - ( g  cos 8, sin +o)cos BainJI 
t ( p  cos0, cos@,)sirl 81 

2: FJ . m i v  t U o R o t  Uor + Rou t ru - POW,-Pow - W,p 
-wp + ( g  s in  0,) (cos$ sin 8 s in+  - s in#  cos 9) 
- ( g  cost?, s in%)  (cos$ cosO tsinIC, s i n 8  sin 9) 
- ( g  cos 0" cos 6 )  (COS e sir1 + ) I  

I: F; . mi;  + P,V0 + P,v t V,p t pv  

- Q,,U0 - Qo 11 - Uo q - q11 

t ( g  s i n B , ) ( c o s $ s i n B c o s + t s i n J , s i n  9) 
- ( g  cotl0, sinqj,)(slnJI sin 0 cos+ -cosIC,sin 4) 
- ~ ( c a s  0, cos QOltcos H cos 

Z L  - ISIXI-i-I,,+ ( Q o R o t Q o r + R o ~ * Q r ) ( ~ , , - I , , )  
- (PoQo t P,q + QoP + PQ)  I , ,  

T M  . ( ~ I ~ ~ + ( P ~ I ~ ~  +[lor t R0p * t )r)(I , ,  - I , , )  
'The zero flubscrlpt~ in (11-33) Indlc:itr-. the stc!:idy flight 
velocltles, and the lowclr case le t ters  rr:l~rescrit the -(t i~t2lt0r + r 2 ) ~ , , + ( ~ 3 ~  + p o p  * P')I , ,  
c h a n y e ~  In lhc velocltlcti (dlsturb:~r~co ~c.!lt)cillc~;). By Z N  - ~ I , , - ~ ~ , , * ( P , Q , * P ~ Q * ~ ~ P + P ~ ~ ) ( ~ ~ ~ ' I ~ ~ )  r;ubstitutlng (11-30) In (11-30) and I J ~  ccirrsltlarlng that 

+ ( o o R ,  + 9,r + R,P + W I , ,  
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F l d l j r e  11- 1 7 ,  V e c t o r  R e p r e s e f l t a t r w  of 

I ~ I ~ ~ . ~ I J  ~ o o s  A ~ i d u l n r  Vc l w i t  res  

n ~ ~ o (  t h o  r w t c s  of Ctlrrndw of 

t l lc  Eu l r . r l r~ r l  Axes 



Chapter II 
SLcllon 7 

ASSUMPTION V. The  d l ~ t u r b a n c e s  f r o m  the  stead^ 
%lli:ht condition a r e  ausun~ed to be smal l  enoughso t l u t  
G y r o d u c t s  and oqui~res o f f h i c h m g e s  111 velocfties a r e  
X t : 1 b l e  In comparison wlth the changes themselves. 
~ i ~ ~ ~ % ' c e  - -- angles a r e  assumed to be s m d  
enough so that the sines of these a n ~ l e s  may be s e w  
fo the angles and the cosines set equal to one. P roduds  
of these angles a r e  a l s o ~ p r o x i m a t e l y  zero  and can be 
neglected. And, since the disturbances a r e  small ,  the 
change Ln air density encountered by the airplane during -- 
anyars turbance  can be considered zero.  - 
Thus, t e rms  stmilar  to qr and s i n  4 s t n  + may be se t  
equal to zero ,  and (11-40) then reduce to: 

IF,' - m [ b  Q,F, + w,q + e o w  -R,V, -H,v -V,r 
t g s in  fj, - ( g  cos @sin q?J$ t (g cos %cos 4)  0 

TF; =m[ttUoR0 tU,r*K,u-POWo -Pow-W,p 
- ( g  sln &)$-  g cos %sin $6- (g cos 4cus Q)@l  

>IF,' = m [ i v  + !',V,, t P0v  t Vop - Q o U o  -Q,u - U o Q  

+ ( a  sin t&)O t ( E  cos gsin 6)  9 - ( g  4wsQb)l 
> : L = ~ I , ~  -:Ixz + (QclRo + Q 0 r +  R U ~ ) ( ~ z z - I ~ y )  

- (poQ, + t], 4 Qop)  1, 

lM = q:yy 
+ (i; KO t Po r t R,P) ( I , ,  

- ( R ,  + 2R,r)IXZ + (1:' 2tb U ) I X Z  
?:N = k l Z ,  - b I , ,  * (PoQ0 +Po Q + Q o l ~ ) ( l y y  - 1 1 s )  

. ( Q o R o  + Qur  +R0q)I , ,  

Assumptlon V not only l imlts  the applicability of (11-41) 
to what a r e  cal led smal l  per turba t ions ,  but reduces  
(11-41) to l ~ n e a r  equations and yields a simplification of 
the mathematical methods necessary for  the analysls of 
complicated airplane motlons. In the r igorous math- 
ematical sense, (11-41) a r e  applicable only to infinltesi- 
ma1 dlsturbances; however, experience has shown that 
quite accurate results  can be oblal~led by applying these 
equatlons to disturbances of finite, non-zero magnitude. 
An addltlonal r e su l t  of the assumption of smal l  per -  
turbatlons Is the reduction of eqtntlons (11-37) which a r e  
repeated here for reference:  

(11-42) 
P - a- ;G s i n  
9 -  t! cou & t $ slrl (4 cos B 
R - $, ccs I)LCIJS ( I  -0 n i n  d 

'rhescl equ:~tionu reduce to: 

(11-43) 
P .  ,j-k 
q - c :  .&ti 
R . '+ - o+ 

and, ne~ lcc t lng  the products of perturbations, to: 

Equations (11-44) show that within the l imi t s  of smal l  
perturbation theory, the instantanema angular veloci- 
t l e s  m a y  b e  s e t  equal  t o  the r a t e s  of change of the 
E u l e r i a n  a n g l e s .  

Equations (11-41) a r e  more  complete than generally re- 
quired for a particular analysis. They can be used, for 
example,  t o  desc r ibe  the motions of an alrplane that 
i s  disturbed from a complicated steady flight condltlon 
of steady s ta te  rolling, pitching, and yawlng veloctties 
a s  well a s  of constant sideslip and forward speed. For 
the purposes  of th is  volume, however, the following 
assumption i s  made: I 
ASSUMPTION VI. During the steady flight condition, 
the airplane i s  a s sumed  to  be  flylng with wings level 
and with all components of velocity z e r o  except U, and 

An alrplane in steady flight with only U o  and w, a s  ve- 
locity components i s  flying along a stralght fllght path at 
constant linear velocity and z e r o  angular veloclty. The 
airplane may be flylng horizontally o r  It may be climbing 
o r  dlving. This behavior i s ,  of course,  unaccelerated 
fllght, and therefore corresponds to equillbrlum fllght 
a s  previously defined ( see  Section 11-4). 

By eliminating the quantities assumed z e r o  in Assump- 
tion VI, equatlons (11-41) may be rewrit ten as: I 
(11-45) 1 F; = m [ i ~  t w0g t g s in  e, + g B C O ~  41 

IF;=m[i+U,r-Wop-g$ s i n 8 , - g Q c o s ~ ]  
ZF,' =rn[w-U,p+ g B s in  8,-B cos Bol 
S L = b I x x  -:Ixz 
ZM = q I y y  
IN = i - I sz-bI*z  

Assumptlon VI r e s t r i c t s  (11-45) t o  an airplane whose 
flight condltion i s  disturbed only slightly from equilib- 
r ium fllght with U, and W, a s  the only component veloci- 
ties. This i s  no g rea t  restr ict ion because most a i r -  
planes are f l o w ~  in such a11 equilibrium flight condition , 
over  90% of the t ime.  Muchof the necessary  design 
lnformatlon can be obtained by Il~vestlgatlng the dynamic 
response of an alrplale to s m , d  d l~turb~ances  from thiia 
equillbriunl condltlon. The equations can be altered to 1 
apply to an a i rp lane  disturbed f rom a steady turn  or  I 
from other steady f l~ght  cor~ditlons by following the pro- ' 
cedurc  used In thc de~.lvation of (11-45). 

SECTION 8 - EXPANSION OF TIIE AERODYNAMIC FORCES AND MOMENTS 

T11e ~ t c rody~~arn l c  forces actlnl: on an :tlrplane In fllgllt forccu a r e  tllereforc functions of control  surface de- 
are the forces cxcrtcd by Ulc hurroui~dlng s1l11ouphcl.o flcctlorl. 
in rcr,L.-;thg ltifa n ~ d l o r ~  of Uic aLr~pIiu~e. Tllc.:.c: forcos a r c  
prf:b,cnt at a11 tlrrlc~i durinl: flil:lrt and, of cour:;c, vary The ; r c r d p ~ ~ : u ~  .... iorccs :ind rnonlc111~ nctinb' On ;m a i r -  
with Ulc: fl ll:ltt cc111dilll~n:i. S1nc:c dcllc:cllo~r uf the corlll.ul pl:ult: ; r l  ;nry bl:,t;u\t during Its flight nro s\lowfi in F' ipre  
s u r l a c e ~  charrguu thf: fll[:lrt condl t lo~l ,  aerodyr~arrlic 11-14: 
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I" ljhaded Area 8 

Arrodynamlc forarr  

Actin( on Alrplenr 

Jar cmvenleace, aerodynamic forcee along the individual 
w r l a n  m e  ore deelgrrPted by the capltal letter8 X, y , 
ud 2 to aeeoclate them wlth the axee along whlch they 
act, nnd the mcmenta are denoted ae I,, Y , and N obaut 
t& r ,  y , and z oxee reepectlvely, 

It can be ehown by dimenelonal analyela* that the forcer 
retlng on m116 movlng through flulds can be expremod 

Flgurm 11-150 8, b, and o o f  lllng 

Cr A dimeneionleae coeffioient 
P Density of f l u i d  
V -Velocity of the solid relative to the fluid 
8 Qlaracterietic area of the eolid force acting normal to the fltght path (1. e., to tbs A- 

Elnee a moment la the product of a force by a moment atlve a d ) ,  and the drag la the force acting pa rde l  to 
um,  the expres~lon for a moment could be written ln o the fllght path (eee Figure 11-18), The X , Y , and Z 

.. form almllar to that of (11-48); the momenta and force8 forcer are actually functlone of the lift and drw. 
rctlng on an alrplane In fllght may then be wrltten ne: 

u ~ , $ $ ~ v ~ s o  . Pltchlng Moment 
N cn$$pv 'sb = Yawing Moment 

f igure  11-16, L i f t  and Dra( Acting on an ~ i r p l m e  
g Wlng Area 
o Mean Aerodynamic Chord The wing chord Mlch 

has the average characterletice d all chorda ln the The other quantltlee Pppearlng ln (11-47) have been pro- 
viouely def bed. 

L general, each of the dlmenelonleee coefflclonh d 
(Bee Mgure U-16.) (11-47) varlea with each of the varlablee ln (II-40) and 

thelr deriyatlvm. (Mom wffl be aald abmt thle varlatlon 
Two new quantltlee are introduced In (U-47); they are Ln subsequent aectlona of thie chapter.) To avold con- 
given In the flrat two relatlona whbh are the 8 uatione fualon, tt ahould be noted that the dimenalonleea coef- 
01 11ft, L P and D rea~ectlv@ly. The 18 the ficient the I!!t epuatlon 18 wrltten wlth a C- L 

whfle a lower cuae I la uaed ln the rolling moment 
* Yillikan. C, 8., hemdynamice of b e  Airplane: J o b  c0effic lent. 
miley aod Bone, Inc,, New York, 1041. 

g-11 
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Each of the forces ( X  , Y , and Z )  and the moments (L , 
H, and N ) ran be expressed as a function cd the variables 
by expanding the fo rces  In a Taylor se r i es .  These 
serPes have the iorm: 

where a ,  p , and y a r e  variables,  and the subscript 
zero Indicates the quantities are  evaluated at the steady 
flighl condition, 

In (11-48), terms of the order 

order terms have been 
sumption V. 

Before proceedlng with the actuai expansion of (11-48), 
a sImplLflcat!on can be made. Because the xz plane is  B 
plane of symmetry, the rate of change of the X and Z 
forces and of the moment h i ,  with respect to the dis- 
turbance velocities p , r , and v ,  i s  indentically ze ro .  
That this i s  true may be seen by considerlng the rate of 
change of the x force with respect to the side velocity 
v ;  that Is, ( W a v j .  

From (11-48), the increment of force along the x axis 
caused by the dlsturbance velocity v  , can be written In 
the form: 

Examine the X force caused by a side velocity v . If,  
for the purposes of thls discussion, the alrplane Is as- 
sumed to have a side velocity to the right (i .e. ,  If v i s  
positive), a positive X force Is produccd a s  shown In 
Figure 11-17. If, In addltion, thls force is  assumed 
proportional to the magnltude of v , a plot of X versus 
v might then appear a s  in Figure 11-18. 

Because the xz plane is a plane of symmetry, the X force 
produced by a slde veloclty v has the same magnitude 
and direction regardless  of whether v i s  posltive or  
negative. Consequently, for negative values of v ,  the 
curve of x versus v  Is a mlrror Image of Figure U-18. 
The complete curve of x versua v mlght then appear a s  
in F l y r e  LI-19. 

It was dated that the  zero tihscrlpt of quantltiee simllar 
to ( a X / B v ) ,  meaw that thirj quru~tity uhould be evaluated 
at the steady flight condltlon. Assumption VI stated that 
v, - 0 during the steady fllyht condltion. Figure 11-18 
shows that the elope of x versus v  at ( v  - 0 )  Is zero. 
Thun, becauge the xz plane La a plane of symmctr 
( B X / j v &  i s  idrntlcally equal to zero. It ehould be not 
that this cor~clusion docs not depend on whether the x 
force produced by a ~ i d e  velocity v waa positive o r  nega- 
tive. It can be shown by slmllar analytlls that if the 
steady fllght condltlon 1s chosen when P - v R q I), x , 
2,  and M are  functlons of only u , w , and q Bnd their 
derlvativeu, whereas Y ,  I , ,  and N ciro functions of only 
v ,  t , and r and thelr dcrlvatlves. 

Thirj brlngs to light an Important consideratlon. If, 
Lnstead of xpcclfylng steady s . d e  fllght with zoro side- 

fi(ure 11-17. force Caused by Side Veloclty 

* I 
flgure 11-18. force Caused by Porltlve Side Velooity, 

s l ip  velocity, one were to specify steady state flight 
with sldesllp velocity V,, then there would be an x com- 
ponent of force caused by this velocity. The preceding 
analysis proved only that the slope of this force with 
respect to v was zero when v 0 durlng the steady fllght 
condition. From Flgure JI-19 itcan be seen that (aVc/av), 
18 equal to zaro at V - 0 and only then. Therefore, the 
magnitude of (ax/c/avI and dmi la r  derivatives must be 
investigated if the equilibrium condition \e chosen when 
velocities other than U, and wo exist. 

For the steady flight condition of ~ 8 s u m ~ t i o n  VI, forcer 
and moments acting on a disturbed airplane can be exa 
pressed in one form of (11-48) ae: 

fiaure 11-19, Force Caused by Side Velocity 



(U-60) 
ax ax . a x .  ax a x .  ax r = x . t X  u t p  u + $  a + -  q+..-rt, * + -  

aq dw a~ as, 
ax ax . ax ax ax 2; sp+  -p irt -- s B t  -,- s,p-  8n 

&T& =+xi aoc as, ass 
ar ar ay ;)Y ay ay ay Y - Y o + -  r t -  k t -  v t 3  \ t z p t z  b r -  ar ar a~ 36, 8~ 

ray b A + $  p A + Z  g k t S  b R +  aY tR 
a s A  as, as, as, 

z . z 0 + 2 a z , t 3 l , , % q + a ; !  ,J+3iwtaZt,,dZ au ah 3g aq aw ac as, 6e 

+ h , , ~  ipt 6p+ -r- az s p t  :- az sB+ -r az in+-  az S~ 
as, as, as, as, d6, aBg asB 

L . L , + &  r t $ $  bi.,aL v . $  i r a L p + %  b+G 6, 
31- ar 3v av ap a~ as, 
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Each of the terms In (11-50) has a phydcal slgnlficance; 
X, , yo , and z,, and Lo, Mo , and No a r e  the forces and 
moments acting along and about the x , Y , and z axes 
respectlvely whlle the alrplane La he steady flight 
conditlon. The t e r m s  d m l l a r  t o  [#, u erpres. the 
change Ln the glven force or  moment caused by the given 
disturbance quantity. A more  detailed explanation of 
these quantities i s  aiven in a later sectlon of this chap- 
ter .  

It should be emphasbed that the relations In (11-50) are 
valid only for small disturbances f r o m  the steady flight 
conditlon of Assumptlon VI, which s ta tes  that the alr-  
plane Is Inltlally flying in unaccelerated flight along a 
stralght fllght path (1. e . ,  U, and Wo a re  the only com- 
ponent velocit!es not equal to  zero). 

I, t 9G 8, +* b, +$; in as, aa, 

+ -$. d,+ 3 S,* 3M hpt 3 i p t  3 ~ g +  & 6st -%- i 'g 
as, as, as, as, as, azg 3 6 ~  

N . N o + a  v . 3  C . 3  r + $  i -+ap+abta  6, 
a" d e  a r  ar ap ap as, 

WERE: S E  - Angle of' deflection of elevator 
5, Angle of deflection of dive brakes 
S p  . Angle of deflectlon of flaps 
6, - 1lngl.e of deflection of aileron8 
hl, Angle of def lect im of rudder 

SECTION 9 - EXPANSION OF THE THRUST FORCE 

In this section, the thrust  effects a r e  Introduced Into 
the equatlons of motion. (The Influence of thrust on the 
aerodynamic forces and moments due to such phenomena 
a s  the change in flow pattern over the horlzontal tall 
caused'by the jet blast will bo discussed qualltattvely in 
Chapter N.) 

For  tile present analysis, the thrust  i s  considered a 
function of: 1) the power plant revolutions per nllnute, 
2) the forward speed of the al rplane, and 3) the altitude. 
With a. power plant arrangement a s  shown In Figure 
II-20, the thrust contributes to the x and Z forces and 
to the moment M . 
By setting the steady flight thrust equal to To, the equa- 
tions for the steady flight conditlon become:, 

(11-51) Xo To COY i 
%, . - To sin 

M" - To 2, 
f - ang le  between x uxls unrl t .hnls t  llno 

Slnce the Eulerian axes remain fixed wi th  reference to 
* j  - ~er~lorldiculur d i ~ t ~ i c : ~  from C. 6 .  to thrust l i n e  the alrp1,me (luring a dislurbance, Ule thrust components 

reiative to tlistr~rbed axes become: 
X ;  ' I , ,  cus < 

("-52) - ,SI s,ll 6 
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where T, (the thrust during the disturbance)- To t AT 

The alr density remains constant during the small dis- 
turbances under consideration, and AT can be determined 
to a good degree of approximation by conslderlng It de- 
pendent only upon the change In forward speed and upon 
the change In power plant rpm. Thus: 

and 

SECTION 10 - COMPLETE 

Now that the individual contributions to the equatlons af 
motlon have been examined in some small detall, the 
complete equations of motion of the a i r f rame can be 
written. Tb equations for  the steady flight condition can 
be found by substltutlng the steady flight values of the 
aerodynamlc and thrust forces and moments Into (II-45) 
and settlng the disturbance t e rms  equal to zero: 

(11-65) X, - Wsln 8, t To cos 6 - 0 
Y o *  0 0 . O  
2, * WCOS 8, - T o  8111 6 - 0 
L o *  0 * 0 - 0  
M, * 0 t Toel = 0 
N o *  0 t 0 = O  

The equations of motion for the disturbed airplane a r e  
found by substltutlng the disturbed values of the forces 
and moments, (11-50) and (11-54), into (11-45): 

i ~ ~ , - i - ~ , ~ - ~ + % ~  ++; + & v  +L i  ,ap +.&i 
o r  d r  a v  a< ap a l  as, 

I 01.;  a (  x * -- O A +  7- A t  - b R t  7 
0 J 3bu r J 6 ~  dOu 

d,, cm .itu ~ I U  +!YO , i r d  di*  ,?!Mw,fl; ar ,a, j a , U ' ~ O "  a M :  

,ON ' dN .. ,IN ;IN . c3N *: -,- h,. ; - - b A  + -r b, , - bA 2 s  n>q, JtiA OD, d6, 

11-16 

z - - T ~  .in +in i )$  u 9 1 0  t)a 
aT 

~ E R P U  
T z u + z  - 6Rp, 

I au I as,,, 

The thrust force due to change in power plant rpm I, 
actually an Lnput force similar to a control surface de. 
flection and would arise frarn a throttle deflection. Sincc 
there would be a tlrne lag between the throttle deflect101 
and the resulting change In rpm of the power plant, the 
analysis  i s  somewhat slmplliied by considering the 
partial derivative Was,,rather than aT/a6 ,,,,,, 

EQUATIONS OF MOTION I 
The quantlties in the boxes disappear because of the 
steady flight condltlons of (11-65). Dtviding the force 
equatlons by the mass  in and the moment equations by 
the appropriate moments of lnertla ylelds terms of the 
form: I 

l a u  and 
m au 111 

1 aL Replacing 1 2 by xu and -- -- by I.,, simplifiee tho 
M au I l l  a* 

notation. These quantittes a r e  called either "dlmen- 
atonal stablllty d e r l ~ a t l v e s ~ ~ ~ o r  slmply'btabllity de- 
rivatives." By eliminating those terms whose Bum, In 
accordance with equations (11-65), i s  zero because of Ibe 
steady flight conditions, and by using the p r e v i 0 ~  
shorthand notation, (11-56) a r e  reduced to the form: 

h l W,Q g6 cos 8, - X,u + X;U + X,Q X9Q + X.W + xcP 
t X,EL, t ~ 6 ~ 6 ,  x'i 1, * xQsp + *x6p61 * x)16B Xb8$11 

E 
r xgBXe t cos 6 T,u t COs t T, b R p M  

RPY + t Uor  - W,D - g$ sin 8, - g4 coq 8, Y,r l Ytf  + Y Y V  

t Y " t  t YDp + Ybb t Y g A S A  * Y i  6, + Y 1  6A Y & , , ~ R  * Y b , . , h  
9 .  A 

* Y i R 6 ,  

& - u 0 q t g e  sin 8, = Z , u + ~ ~ h * Z , q + Z 4 Q * Z ~ w + z + *  

+ zhEaE tzb + ztElg + Z , ~ ~ P  *zi,,b~ + ~ ~ , , ~ B + ~ I , , ~ B  
E 

+ 21' 6;, -(sin t )TUu  -(sin t ) T r R p , ' ~ P ~  
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SECTION 11 - UNSTEADY FLOW 

ln the classical derlvatinn of the equations of motlon of proceeds along Its fllght path It l0aveS two trails d air 
an atrplane, it la assumed that the aerodynamlc forces In circular motlon. These a l r  masses  are referred to 
and moments acting on the alrplane a re  dependent on1 as "tip vorticest' and are shown In Flgure 11-22. 
on the v e l a i ~ s  of the airplane relative to the a i r  massy 
This assumptlvn implies tllal these forces acting on an 
airpl.me at any instant durlng accelerated fllght are  the 
same a s  those that would be actlng on the alrplane if It 
were in steady flight with the velocitles prevailing a t  that 
instant. Ln other words, U an airplane were to change 
I ts orientation suddenly with respect to i ts  flight path, 
-.he flow around the akplane wculd instantaneously change 
to a steady s ta te  flow pattern without any transltlon 
period. This sor t  of flow i s  called quasi-steady flow 
and Is used to simplify the problems. 

The resultant force on an alrpiane I s  also dependent on 
the rate of change of the velocitles. A so-called "ap- 
parent mass effectu arlses from the fact that the airplane 
must accelerate a flnite mass of air  when the a l r p l ~ n e  
Itself is in accelerated motion, Even d t e r  the alrplane 
returns to steady flight, it Is possible that local flow 
disturbances caused by the zccelerated motion of the 
alrplane prevlous to i ts  return to steady flight may be 
close enough to the airplane to produce forces on i t .  
That i s  to say, the forces acting on an airplane a t  any 
instant are  also dependent upon the history of the motlon . 
In the llght In these facts, quasi-steady theory does not 
truly represent the forces actlng on an alrframe In ac- 
celerated motion. 

Until recently, motions of an airplane predicted by the 
use of quasl-steady theory were. Ln satisfactory agree- 
ment wlth fllgt~t test data.  However, the behavior of 
some modern high speed jet airplanes has exhibited 
marked dkcrep;ulcirs between the predicted damping 
the observed flight test rlamphg of high frequency osc Y'! 1 
latory modes. These discrepancles increase with In- 
creasing Mach number; a s  a result, the development of 
equa t~ons  to account Tor unsteady flow effects must 
nccessarl ly bc based on compress ible  flow theory.  
Severd exce1:cnt p;lpcr:i have recenUy ;11)1)earcd treating 
non-:iteady flow, I I ~ . I ~  as  yet, researcll on tIl(! subject i s  
f i t i l l  i n  the dcvelopmcntal stages. For the rest  of this 
volurnc, fiow is assumed to be quasi-deady. 

Figure 11-21, Flow Around lllnd Tipr  

from dllgh t o  Low Preasure Area 

~ j & . r e  II -21 .  Airplane with T i p  Vorticea 

Flgure 11-22 shows that these vortices prqduce a down- 
ward flow of a i r  at  the horizontal tall. The veloclty 
b l t h  whlch th1e a l r  flows around the wlng tlp has been 
shown to  be proportional to  the angle of attack of the 
wing. 

The angle of attack Is deflned as the angle between the 
wing chord llne and the relatlve wind vector as shown 
In Figure 11-23. 

ASSUMPTION VII.  The flow Is a s suxed  to bc quasi- 
steady. 

Because of Assurnptlon VII, all dt:rlvativcs with retilxct 
to t t~e  rate8 of change of ve l r~ i t l e s  are  omlttcd wlth the 
exccptlor~ of thnsc w1t11 r u s ~ ~ u c t  to i ,  which are  rrtalned 
to account for the effect PI tho horizontal tail of the 
downwafih from Lhc winc. 'l'his effect Is explained later Relative 
on tho bauls of purely qui~bi-sleady consideratlons. Airfoil Chord Line 

Downwash chn be brit!fly de:ic~.ibccl a s  follows: A wlng 
producing llft on an airplano In fllght has a greater r e -  a. Angle of Attack 
sultar~t prcvsure a c t l ~ ~ g  on the lower f;urfaceWthan on the 
upper. Decau,~! of t h i s  prcssurc dlfforcntlal, a l r  from 
the hrltom surfi~cc (high prcu!;urc aiea) flows artand the 
win): tlps to thc upper suri'lce (low pressure  area) a s  
shown by the arrows In I'lgtlru 11-21, At, the airplane 

F i t  11-73. Wind Anple o( Attack 
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it a wing moving through an a i r  m a s s  with an angle of seconds. If the difference between t, and t,, say A t ,  
attack a, and a steady forward velocity uo is suddenly equal t o h  , the tail at t ime t, will OCCUPY the posit; 

Uo glven a vertical veioclty w wlthout changing the forward 
occupied by the wing at time t,. velocity, the mgle  of attack changes a s  shown in Figure 

11-24: For  small  intervals of time, the expression for w2 a 
b e  wrltten a s :  

(11-58) W a  = W, + A t  
d t 

1 Since 4 i s  numerically small :  
'JO 

d w  3 (11-58) w a  . w ,  + -- 
d t Uo 

The downwash a t  the tai l  Is proportional t o  the d o w  
wash at the wing which i s  proportional t o  the angle I 

F i g u r e  11-24,  Change i n  Angle of Attack  Due 
attack of the wlng. The angle of attack of the wing, , 

t o  V e r t i c a l  V e l o c i t y  turn, i s  proportional to the vertical veloclty af the wlng 
Thus, (11-60) may be written: 

The changes in angle of attack a r e  proportional t o  the (11-00) (ow), k w r Downwash at the tail due 
ver t ica l  velocity w . F r o m  Figure  11-29 the following downwash f rom wlng 
relat ions may be der!ved: 

Since equation (11-60) shows that the downwash at th 
tan h a  . !- * considering Aa t o  be smal l :  

U, I 
ta i l  i s  proportional to the ver t ica l  velocity of the air 
plane, the change of the value of the downwash a t  th 

\a:-k 
u 0 

ta i l  is thenproportional to the change 01 vertical velocit! 

Since downwash is  a downward flow of a h ,  It effectively The change of vertical velocity,Aw, which can be obtalne 
reduces  the angle of attack of the tai l .  f r o m  (11-59), may be wrltten: 

If it Is assumed that the wing tlp vortices change abruptly (11-61) . w, - w, - dW 3 
with dlsturbances in wing angle of attack (quasl-steady d t U, 

flow) the effect of such a dlsturbance wlll not be apparent 
a t  the tail until the tail reaches  the positlon in the a i r  
m a s s  held by the wing a t  the t ime of the d l s tu rbance ,  The change of downwash at the tail due to the wing i s  the 
That is ,  t he r e  wlll exist a time lag between the cause  equal t o  k h  w ,  
and effect of downwash. 

Figure 11-25 shows an airplane at two instante along i t s  (11-62) (ADW+- k kt L!J = Change of downwash at tail 
flight path. Uo d t due to downwash f rom wink 

Thls change In downwash produces a change in $0 angl 
of attack of the tall whlch in turn causes a change in th 
resultant aerodynamic force which ac ts  on the tail an 
which i s  proport ional  t o  t ,  the r a t e  of change of th 
vertlcal velocity of the airplane. Thus it may be eee 
that aerodynamic part lal  derlvatives with respec t  to ' 

Time t, Time tz can be Included in the equatlons 01 motlon on the bast 
of purely quasi-steady consideratlons. 

I ,  . Dlstur~ce Prom w i n g  to tlorlzol~tal tail 

F i g u r e  11-25 .  A i r p l r ~ n c  n t  Two I n s t u n l a  
D u r ~ n g  f l i g h t  

At th tlrne t,. the alrpl;mc h:~u  a downward velocity w, 
that 18 different from the downwa1.d velocity w, of the 
airplane at tlrne c , .  ?'he angle of attack d tho wmg ha3 
ch7nged; cons;equently, the downwnsh a t  the wlng has 
c b g c d .  ,l'Irc a ~ r p l m e  wlll travcl Lhc distance i , In 1 t 

u; 
11-10 
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SECTION 12 - CHOICE OF AXIS SYSTEM 

The only restrictions thus far  imposed on the orientation fixed with respect  to the airplane.  If the instrument 
of the theerian axes with respect to the airplane a re  that axes  a r e  aligned with principal airplane axes,  flight 
they ads be a principal axls and that the origin be located t e s t  data yield stability der ivat ives  with r e spec t  to 
at the center d gravity of the airplane, When the x axis principal axes. 
is oriented s o  that it i s  n principal axis, the Eulerian 
axes a r e  r e fe r red  to a s  principal axes ,  but when the The use of stability axes eliminates the terms containing 
x axis i s  s o  oriented in the airplane durlng the steady W, from (11-57), but now the product of Inertia, I,,, i s  
flight condition that it i s  parallel to the relative wind, different from zero,  and the moments and the product 
the Eulerian axes  a r e  r e f e r r e d  to  a s  stability axes . of inertia vary with the equilibrium flight condition a s  
It Is importmt to  remember that the stability axes a r e  well a s  with the alrplane weight loading. Wind tunnel t e s t  
oriented with the x ax i s  parallel  to the relative wind resul ts  a r e  measured in t e rms  of lUt and drag forces  
during the steady flight condltlon. When the airframe whlch a r e  measured perpendicular and parallel t o  the 
1s disturbed from the steady flight condition, the hr ler -  relative wtnd and which are lqically referred to stabllity 
Ian axes  rota te  with the a i r f r ame  and do not change axes.  Stability derivatlves calculated from subaonlc 
direction with respect to the airplane, consequently, flow theory a re  also calculated with reference to stabllity 
the disturbed x axls may o r  may not be pa.ralle1 to the axes. 
relative wlnd while the airplane 18 in the disturbed flight 
condition (see Figure 11-26), The various methods of obtaining stability derivative8 

Relative ++ 2 " 0 

Y 

Steady Flight Condition Disturbed Flight Condition 

Figure 11-26. Direction o f  Stability Axes with Respect to the Relative Wind 
Dirring the Steady Flight and Disturbed Flight Conditions 

Several factors must be considered In determining which 
axls system i s  more sultable for a glven analysis. 

If the equations of motlon a re  wrltlen Ln terms of motlon 
along the principal axes, these equations a r e  somewhat 
simpllfi~d because the product of Inertla, I , ,  , i s  Iden- 
tically zero.  In additlon, ?he moments of inertia in a 
principal axis system of an alrplane a re  not dependent 
upon the steady fllght condltlon. On the other hand, the 
location of the principal axes i s  a function of the dis- 
trlbution of the airplane's mnF8 and consequently varies 
according to the loadlng. Ln ~ e n e r a l ,  the principal x 
a x i ~  very nearly coincides with the longitudinal fuselago 
reference line which, in most cases ,  Is only slightly 
different from the wlng chord line (see Figure 11-27). 

In calculating ~tahil i ty derivati les for  supersonic flight, 
it Is convenient to orient the x axiy along the wlng chord 
l ine.  When the disturbance is smal l ,  the p ressure  
difference between the upper and lowrr wing surfaces i s  
determined from the general Bernoulli equation, and the 
stabllity dcrivathos a r e  determlncd from integrations of 
the forces and moments over the wing. Slncc the wlng 
cllurd Iinc is only slightly displaced from the prlnclpai 

In this ca.qe, it is convenient to utie principal axes .  

Fllght test data are ~enera l ly  measured by instruments 

a r e  discussed In a la ter  sectlon of this volume. The 
important points to be noted here a re  that stability de- 
r ivatives a r e  r e fe r red  either to principal axes  or  to 
stability axes, according to the method of derivation , 
and that the equations of motion can easily be altered 
to apply to either axis system. Throughout the ramaLn- 
de r  of thls volume, the stability axis system i s  used 
since stability derivatives a re  most commonly obtained 
with respect to this system. It should be emphasized, 
however, that the equations of motion dUfer only slightly 

---4- 
Wing Chord Line 

Figure 11- 27. 
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when referenced to either axis system and that the math- Identlcal. 
ematlcal  teclinlques employed in thelr  solutlon a r e  

SECTION 13 - EQUATIONS OF MOTION REFERRED TO STABILITY AXES 

The equations of rnotlon referred to stability axes wlth (11-64) i + u0r - g IC, s i n  8,- g 6 cos 6, ~ , r  * Y,V 
the fiow considered to be quasi-steady can be obtrrlned 
f r o m  (11-67) by ellmlnatlng the following quantltles : + Y,p * YIASA * Y b R b L  

1. All terms containing W,, which disappears because of 
the direction of the stablllty axes. 
2 .  All aerodynamic partial derlvatlves with respect to 
ra tes  of change of velocltles except those wlth respect 
to w . 
3 .  All aerodynamic partial derivatives wlth respect to 
rates of change of control surface deflectlons. 

Equatlons (11-57) then reduce to (11-63) and (11-64). 

(11-63) b +  g60X 4 = T,,(COs O U *  TIRP&RPY C08 

* ] l ~ * X ~ q + & w * X $ t X ' 8  S E E  + X  I F F  Fi + X  6 B B  d 

i -u ,q*gBsin~,=-~,(s in  OU-T$,,S~,, s h e  

An examlnation of these equations shows that (11-63) 
a r e  functlons of the variables u, 0, and w ,  whereas 
(11-64) are  functions of the variables v, r ,  and p , Thus, 
a s  a resul t  of the assumptions made in the previous 
analysis, the equations of motlon can be treated as two 
independent se ts  of three equatlons. Equatlons (11-63) 
are  referred to a s  the longitudinal or symmetrical equa- 
tions because, when these motlons occur,  the plane 
of symmetry of the alrplane remalns  in the plane It 
occupled Ln the steady fllght condltlon. Equatlons (11-64) 
a r e  referred to as the lateral or  aeymmetrlcal equations. 

Since the longltudlnal motions a r e  independent of the 
lateral motlons, they a r e  treated separately In the res t  
of thls volume. 

SECTION 14 - DESCRIPTION OF THE DIMENSIONAL STABILITY DERIVATIVES 

The adoptlon of Assumption VII has greatly reduced the 
number of stablllty derlvatlves appearing in the equations 
of motlon. In this section, each of the dlmenslonal 
stablllty derlvatives In (11-63) and (11-84) Is first glven 
a brief physlcal Interpretation, then expanded into a 
more basic form, and shown to be a function of what a re  
called I'baslc non-dimensional stablllty d e r i ~ a t l v e s . ~ ~  
(A detalled dlscusslon of these basic non-dlrnensional 
stablllty derlvatlves lu given In Chapter V. ) The longl- 
tudinal stablllty derlvatlveu, which appear In the equa- 
tlons of motlon given In (11-63), a r e  treated flrst,and 
the lateral stablllty derlvatlves, which appear In (II-64), 
a re  treated later.  Equatlone (11-47), used In the dls- 
cuselon, aro  repeated here for reference: 

ponents U,+ u ,  v , and w directed along the x, y and z 
axes respectively. Durlng dlsturbed flight, the rnagni- 
tude of the total linear velocity, can be expressed as: 

In Assumption V, u ,  v , and w were assumed to be very 
small so that thelr products and squares could be neg- 
lected. Thus: 

Also, slnce u,: Is very niuch greater thu12U0u, a very 
good approximation can be given In: 

Y . C  ! ,~v's N - C,, 1 p vast, (11-69) IvI = U, % U 
1 2  

It should be I l c ~ t ~ d  th;lt q~ ; \n t l ty  v', which ;lppcars 
In (11-O'J), Is the :iqu;ire of thr total 1lnc;ir velocity. In T l~crc forc ,  the magnitude of thc total liircnr vcloclty 
tlre tital>illty axls :,ystc:rn, the total Ilr\c:lr vcloclty during va t  any Ili,st:,.:t Is appt~oxlrnntcly cqu:il to the x C O I ~ I -  

ttrc :.tc:idy fllglit cond~tioli Is eclual to U,, w111ch I H  tlie poilcllt of I lnc: ,r  velocity, 11, ;it 111;it in:;t;int. Siiice 
velczity I n  t h e  tllructic~n of t l~ r :  r AXIS. Wllcn dlsturbcd IJ. u,, + u ,  the mngnitudc: 01 v at nrly inst;int is apjjroxi- 
f r o i : ~  :,te:rdy Illgl~t, the alrpl;\ne c:irr I~ave veloclty coin- ~iiatc'ly equal also to tlrc lincitr vcloclty durli~g U I ~  stently 



condltlon, U,. Thus V, U,, and U can be used (11-78) 
what Interchangeably. Z U - i  % - - +  
LONGITUDINAL STABILITY DERNATNEB By notlng the similarity between (U-78) and (11-71) and 

between the lift and drag equations of (XI-6S),equation 
E:iect of u, The Change in Forward 8peed (11-77) can be wrltten immediately: 

(n-77) zu . - B$! [+ 3 + CL] 

The change In moment caused by a change In fornard 
speed can be expressed as: 

a M (11-89) w, - -1 - 
Flpure 11-28. V u r l a t l m  o f  L l f t ,  

Drap and Pi tchinp Moment 
The same mechanics used in the expansion ad Xu can be 
used to derive Mu: 

w i t h  Change An Forward Velocl ty  

Ae an alrplane i n c r e w s  its forward speed, the liit , L , 
drag, D , and moment, Y ,  change. Generally, but not 
always, each of these quantities increases. The equatlon for thrust can be written In a form slmilar 

to that of the llft and drag equations in (II-86): 
S h e  drag acts along the negatlve x ards, an increase 
Ln drag cantrlbutes a negative X lorce. The change in (11-81) T - p U'S C, 
X lorce due to a change In forward speed can be ex- 
pressed mathematlcally in the form: 

(11-71) xu . 1 . -1 hP 
a u  m a u  

According to the mechanics used In the expansion ad X, , 
the stability derivatlve T, can be written as: 

Uslng the drag equatlon from (11-65), equatlon (U-71) (11-83) 
can be wrltten as: 

When the lndlcated dtfferentlatlon i s  performed, (U-'72) (11-84) # 2 . cm, 

Slmtlarly, 

(11-85) 2 - CLU 

In Figure 11-20, the quantltles L, and D, represent the 
llft and drag acting on the alrplane durlng tho steady 
fllgld condltlon. '0 he  l lf t  and drag always nct roopcctively 
normal and parallel to thc relatlve wind. According 
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Elft.ct of w , The Change In Speed Along the x Axis - 

Hind 

l z  

to the deflnition of stability axes, the relative wlnd dur- 
ing the steady flight conditlon 1s parallel to  the xaxia. 
Therefore the only component of llnear veloclty durlng 
the steady fllght condltion is U,. Thus, Lo and Do a r e  
respectlvely perpendlcular and parallel to the x axls. 
When the alrplane Is disturbed from steady fllght so that 
it has a component of velocity along the z axls, r ,  am 
well a s  a forward velocity, U., the relatlve wind shUts to 
a new position a s  shown in Flgure 11-28, This shut re- 
sults in anlncrease In angle d attack denoted by the angle 
A I L  The quantlties L and D, In Figure 11-29, represent 
the 1Ut and drag acting on the a l r p l ~ n e  during the dis- 
turbed flight condition, and they act normal and parallel 
to the relatlve whd. The relatlve wlnd acts In the direc- 
tlon opposite to the vector which represent8 the eum 
of Do and G. 

The change In X and Z forces caused by w ,  the change In 
speed along the z axls, can be found by resolving L and 
D along the x and z axes: 

(11-88) = Llnbt fi a w  W -  

w *  U, tan A c l  UoAu 

From Flgure 11-29, 

(11-DO) A X -  L eln Aa - D cosAa - ( - D O )  

L and D can be wrltten as: 

Slnca, according to  Assumption V, dlsturbancea from 
steady fllght.are consldored smnll, A L, A Dl and Aa a r e  
 mall. By settlng s l n A  a Aa  and COB h a - 1 ,  and u s h g  
(11-Dl), equation (II-90) can be rewritten as: 

(11-D2) A X *  ( L o  +hL)Au- (D,+AD)+D,  

Neglecting prafucta of small quantlties, 

(11-03) A X -  L o A a  - A D  

Subatltuting (11-83) lnto (11-88) yields: 

L A a -  A D  (11-84) 2 i,n& & -- A a 

And In the llmit: 

a w  uo  

Bubstltutlon of the values of lift and drag from (XI-05) 
lnto (11-08) ytelde: 

where 

The change in the Z force due to w can be found by re-  
eolving the forces In Figure 11-29 along the z axle and 
performfng operatlons simllar to those used In the der- 
Ivatim of (II-08): 

The change In moment due to w Is most easily vieualleed 
by observhg the components of the total lift and drag that 
act  on the wlng and the horizontal tall. Figure 11-30 
shows these components. 

r ipure  11-30. L i f t  and Oral Acting m the l i n t  
and the H o r i r m t a l  T a i l  

The mbscrlpts W and T refer to wing and tall. A vertlcnl 
veloclty, w ,  causes a change In angle oI nttack of both 
tho wing ~d the horizontal Pall and consequently changes 
tho llft and drag actlng on these llftlng surfacea. 'the 
resultlng moment can be found by summing the moincnts 
caused by each of theso forces about tho center of grav- 
Ity. It may I I P  secn that Ulls moment 1s dependent upon 
tho location of the center of gravity with respect to the 
wlng. The momcnt cquntlon from (11-65) la rowrlttcn: 



au- -, 
figure 11-31. 

cusalon of unsteady flow (Section 11-10), the 
of a force due to i was enplained on the basla 
tcady flow' consIderatIons. It was pointed out 

e rate of change of speed along the axla results 

- * -  

Figure 11-32, 

change In drag on tho tail 18 the main 1, ule light of thn nnn~rl-ctnrrrtu flnw aaa~wnntlnn IAcnwnn- 
lbutor to the change In the x force. Because the tion VII) the mqV, on the horizontal tall Is generally small in com- its center of gravity is tm 
on with that on the total airplane, this force is not of of 

ereforo, Xi  ie considered zero In the effect of b, th6 rcruara,, 
ion, However, the change In lUt on the f iret  approxImatio, auses a change both In the z force and 

. The lift on the horizontal taIl acts In The incremental produces h,.+h 4 "  +hn I 
ction, and therefore: t n r - m  a n A  In  nlinhlnc~ mnmant 1 
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Za--f.f$iCL where 2%- 
'a a ($. 

and 

(11-114) A M  = u p  
a Q 

a c (11-116) a . em3 . . k?alh c ac, 
a~ 2 a~ 

a aua(E) 

ffects of SRPY , the Change of Power Plant Revolutione 
L r  w u t e  

+z 
Figure 22-33. 

An Increase In power plant revolutions per minute yields 
an Increase In thrust. By uslng equatlon (11-81), the 
Increment of thrust can be expressed as: 

To form a non-dimenslonal coefflclent, (11-118) Is mul- 
tlplled and divided by %, where the coefflclent 60 ls 
used to convert U from feet per second to feet per 
rn hute .  

where .- 

E_CGct_ .o_f--XE , t h r  F l e v ~ t o r  r)ef lecilon 

Figure 22-340 

Deflecting the elevator up is defined a s  the posil 
direction of elevator deflection, a s  shown in Fig 
11-94. The mast important effect of an elevator defli 
tlon is to produce a change in 1Ut whlch acts on the ha 
zontal tail and whlch causes a pltching moment. It I 

be seen from Figure 11-34 that a positlve elevator ( 

flection decreases the effective angle of attack of 
horizontal tall thus causing a positlve Z force an' 
posltlve moment hi .  The lncrement of Z force can 
expressed as: 

(11-122) = 1 kLU3 C where C 
z6. 2 Ls, Lb 

The increment of moment has a simllar form: 

The change in the X force due to elevator deflection 1 
caused by the change in drag. Thus: 
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When an airplane is disturbed from steady fllght s o  that 
It has a slde velocity, v, a force along the Y axis and 
moments about the x and z axes a r e  developed. The 
major forces caused by the slde velocity a re  labeled PI, 
F , F, , and F, In Figure 11-31. F, a r l s e s  f rom the 
ciangc of the angle of attack of the vertical tall. F1 i s  
the side force actlng on the fuselage, and F, and F4 a r e  
forces acting on each semi-span of the wing, due to the 
effectlve dihedral of the wing. From (11-65)) the slde 
force equatlon may be seen to  have the form: 

Substituting the value of v f rom (11-146) Into (11-161) 
yields: 

The c h g e  in slde force due to a change in side velocity, 
v, can be found by differentlation: (11- 162) Lv  = CIp where C m aA 

2 4, 'a a P  

Also, since v  UoP 

L, = l L p  and L v v m L p P  
" 0  

(The quantlty Lp i s  used la ter  In the chapter. ) 

The yawlng moment due to a slde veloclty, v, i s  caused 
malnly by the force on the vertical tall, F,. The form 
of the stabil i ty derivatlve N, i s  s iml la r  to (11-152): 

F'run Figure 11-37) it may be seen that the angle of elde- 
slip, b ,  la related to  the sidesllp veloclty, v : 

a l s o  . N, - 1 N~ " 0 

Slnce v has been assumed to be a small  quantlty Effect of D, the Change in Rolling Veloclty 

A rolling velocity, P, causes a force to act on the verti- 
cal tall. Thls force i s  illustrated a s  F, in Rgure  11-38, 
The change in the Y force due to  P i s  expressed as: 

and 

Substltutlng (11-148) In (11-143) ylelds: 

To form a non-dlmenslonal coefflclent, (11-158) Is mul- 
tlplled and divldod by A .  Thus: 

2u 
'rtre rolllng moment about the x axls I s  caused malnly 
by b ' ,  , whlch acts  above the x ax le ,  and by the com- 
poniints of F3 and F', whlch act normal to tho wlng. The 
equntlon lor 'I, , from (11-85), Is rewritten: 

1. - L p ~ ' & b ~ l  
2 

The C ~ I ; I I I ( : ~  In I due to a ~ l d e  vcloclty, v, can be ox- 
pru:,:,ed as :  

Tlrerc are  also Incrernontal forcus actl~ig on the w h g .  
T l ~ u s e  forces a r e  illustrntcd a s  F, and F j  in FL~are 
11- 38. Tlic I ,::tical v1.1oclty of tlie downgoing wing at 
ally sl;itio~l a. C I I S ~ : L I ~ C ~  iL from the xz plalie, I s  p l ,  . 
'I'l~is vcrticul vcloc t l y  1ncre:ises the effective angle of 
alt;~ck :r t  l l i i s  sI:ition I)y nn amo~ult A a,(wllere &, T !IL ) . 

"a 



Down-Going Wing Figure 11-38. Up-Going Wing 

B Increase In angle of attack increases the lift and tion (11-163) can be wrltten Immediately: 

ck decreases the lift and drag actlng on the wlng at 

Usually the change In d rag  force  Is relatively small  
and Is neglected f o r  the purposeA of this dtscusston.  
In the p r e c e d ~ n g  discussion, It Is stated that the llft 
on the downgolng wtng Is Increased and the lift on the 

F ~ g u r e  11-39. 

A slde force ,  F , ,  Is caused by a yawlng veloclty, r, 

In add'ti0n lhe change magnitude the lift forces By analogy with Y,, d e r ~ v e d  in equatlon (II-157), it ie 
acting on each semi-span of the wlng, It may be seen possible to write: 
from F i y r e  11-38 that the lUt forces acting on the down- 
going and upgolng semi-spans a re  rotated forward and (11-105) y ,  . e a h  
backward respectively. The change In dlrectlon of these 
forces results  In a negatlve yawing moment about the 

As shown In Figure lI-39, the forward speed of a station 
Fi~wre 11-38 r e p r e ~ e n t ~  the ge.leral Case. However, for  which is a distance 1 , f r o m  the xz plane on tho semi- 
flight near the titall, the drag force~l  may become Im- span of the wlng Is decreased an amour~t l , r ,  resultlng 
portant and result in a yawlng moment of opposite s ign.  la a dec rease  in lift at this section.  Slmllarly,  the 
The change in yawlng moment due to P is  expressed as: forward speed of a st;rtlon a dlstance l 2  normal to the 

xz phneon tho semi-span of the wlng i s  lncrenscd an 
amount l z r  resultir~g In an increase In llft at thls sec- 
tion. The ros.111~ of the changes 111 lift acting on each 
seml-span i s  ~ I I U I I  a moment about the x axis.  Thls 

lhe s l m l l a r l t ~  (11-102) and (11-168) moment IL1 usually posltlvc arid can be expressed as:  and between the equations for L and N In (11-05)) equa- 
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BY analog' with L,, derived in equation (II-fLI), equation BY referr ing to  Figure 11-40 again, It can be seen that 
(;I- 167) can be Immediately written: F,  c a u s e s  a negatlve moment,  N, about the z axls .  

(11-176) aN . PU1Gb 5% 
The slde force F, In Rgure  11-30 also causes a moment as R 2 a s ,  
about the z axls slnce the ver tkal  tall is some dlstance 
aft of the center of gravlty. Thls moment Is usually Since 
negatlve and can be expressed as :  N s ' - L d N  

IZZ a S ~  ~ 
(11-168) A N . J B r  (11-177) N+, = Cn where a r 2 I Z z  S R  

2 b ac. (11-10s) 2-4 . pv s 
a r 2 a r  Depending on whether the center of pressure, that Is, the 

polnt at whlch F,  can be considered to act, Is above or 
below the x axls, a positlve rudder deflectlon can cause 

(11-170) N~ . 1 al elther a posltlve or a negatlve rolllng moment A L .  Thls 
~ L Z  Increment of rolling m a n m t  can be expressed asfollows: 

Multlplylng and divldlng (11-160) by L, and substltutlng (11-178) A L  a L  h R  
thls result In (LI-170) yleld: 2U a 41 

Effect of 8, , the Alleron Deflection 

F i g u r e  11-40,  

A positive rudder deflectlon causes a force to act In the F i g u r c  1 1 - 4 1 .  
pohrtive Y direction as illustrated by vl in FiEure 11-40. 
The rudder deflection changes the effective angle of Posit ive ai leron deflection i s  defined a s  the upward 
attack of the vertical tall, which in turn produces a force dcflectio~r of the alleron on the semi-span of the wing 
prol~ortlonal to this change In angle of attack. lying along the posltlve Y axis and the downward de- 

flection of tlrc other alleron :IS shown in Figure 11-41, 
(11-172) 1, y . LX- s,, l'hc aileron which Is dcflectctl up decreases the effective 

a t ,  arr(;lc of attack of a section of the wirrg and ~encra l ly  
c;urscs n dccrease in llft and drag acting on that acation 

JC (11-173) - 1 p"+i -2 of tlrc. wing;, whcrcas the aileron wlriclr is dcflccied down 
,,a, 2 hh, usually c:ruscs a corrc:;po~rdir~g l~rcrease in the lift and 

dr;il: ;rcti~rg orr tlrnt scctiurr of the wlllg. 
since 

y . -1. d y  Tile c.lr;ir~gcs .I) lift p r d u c c  a 1)osltlve rolli~rg molncnt , 
O n  m 0 %  A I, .  'I'tris ct~;ulge is rolling rllulnc‘nt cur be cxl)rcsscd as: 



1 - 8 1 )  ,, . a q  
a 6, 

I (11-182) a = 4Ulsb 3 
a s ,  2 a s ,  

I 

Since ,_La 
'8,  as, 

a c 1  where C - 
'8, a s, 

The change in drag generally produces a negative yaw- 
ing moment about the z axis. The increment of yawing 
moment can be written as: 

(II- 184) A N 3 6, 
a 8, 

Slnce . 1 aim 
I,, as, 

. an u. .Cn where CnIA a (11-186) N ~ A  21, ,  1, 

There i s  generally no side force due to aileron deflec- 
tion, but If one did exis t ,  It could be expressed as: 

l a y  ( I I - lea)  -?L . &S 3 since Y,, 
a s, 2 a s, 

(11-180) y8, - C where Cy = 2 5  
2 m 'A a s, 

The longltudinal and lateral  stability derlvativcs dis- 
cussed above a r e  tabulated in (11-100) and (11-101) r e -  
spectively. All of the dimensionless coefficients of 
the form C ~ D ,  C.ap , etc .  , in (11-100) and (II- 101) a r e  
referred to a s  basic non-dimenslonal stability deriva- 
tives. 
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Longitudinal Stabllity Derivatives 

(II- 100) 

Lateral  Stability Derivatives 

(11-101) p u s b 2  
L, --- 

4 1 , ,  'I, 

L, . ELSA c N,. eu& c 
2 1 , ,  I, 4  I,, n r  

', UOL" y .PUZS 
Nv . P A L b  C 

2 I,, 

Ng ' "ON" 

I 
1 

SECTION 15 - TRANSFER FUNCTIONS 

In thls sectlon, (11-83) and (11-84) a re  converted by the 
use of determlnante into the t ransfer  functions con- 
sldcred In the res t  of this volume. Some preliminary 
discussion of the quantitles involved in these equations 
Is glven first .  Although motlt of these quantltles have 
been defined In the preceding text, they a rc  redefined 
here for the sake of clarity. The longltudinal quantlties 
a r e  treated flrst. 

The angle of attack, 0 , i s  dcflned as  the angle between 
the wing chord Ilne and the relative wind. It 1s equal to  
the sum of the steady filght ar~glc of attack, o,, and tho 
perturblrtlorr anfile of attack, A a: o - a, + A a. 

The angle between the fllght path .and the horizontal Is 
defined a s  the flight path angle y and i s  equal to yo + A y 
(the sum of the steady flight angle Yo rurd the perturba- 
tion angle Ay). In tlre stability axis system, 7, 1s equal 
to tho arrgle betweell the x =is and the Irorizontal, when 
the airplane Is In the steady fliglrt cond~tlon.  

The pitch angle, 8, Is a lso  composed of a steiidy flight 
value, 0,, and a ~)erturb;itlo~r value, 0 .  It is the angle 
between Ulc! wL11. cl ijrd line and t l ~ c  I~or~zorital: 6 .  go + 8. 

In tlre deriv;itlo~r of the c x p r e s s i o ~ ~ s  lor l l~c  c:oml~oncnts 
of grlrvlty actink: alo~rg the ciisturbcd k:ulcrran axes In 



Section 11-6, the angle between the horizontal and the If the Eulerian x axis had been aligned parallel 
Eulerian x axls in the steddy flight position was defined wing chord line, the definitions of 8, given Ln Scctio~ 
as 8.. U-5 and immediately above woul 

However, the substitution of yo 

, At that polnt tn the derivation of the equations of motion, of motion should not lead to a1 
the orlentation of the Eulerian x axla with respect to axes are used as referonce axes and the above dcdh.itlonl 
both the airplane and the relative wind was arbitrary. are used. 

Horizontal I 1 

A l l  Angles  Pictured Are Posi t ive 

figure 11-42, Airframe in Equilibrium Condition 

It was not until Assumption VI was made that stability The components of velocity along the x and z axes r e  
axes were selected as  the reference axes. Jn the sta- u and W respectively, and each i s  composed of stead! 
blllty axls system, the x axis in the steady flight position flight and perturbation values defined as: U - U, + u 
is parallel to the relative wind. Therefore, when sta- and W -  W, + w. However, according to Assumption VI, 
bility axes are used as reference axes, the angle called wo Is equal to zero; therefore: W,-0 and W -  w. 

90  In previous sectlons is equal to Y ,  according to the 
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Perturbed Wing Chord Line 
Equilibrium Wing Chord Line 

Perturbed Eulerian Axis 

Equilibrium Eulerian Axis 

Perturbed Eulerian Axie 

Equilibriun Eulerian A x i s  
PITCH ANmE: 8 ' s  Horizontal to  Wing Chord Line 
A n a E  OF AlTACK: a'e Relative Wind to Wing Chord Line 
PLIQtT PATH ANGLE: y '8 Horizontal to Relatlve Wind 

PJ 2% 
t 6 Total Perturbed Quantities minutl Epullibrium Quantities give 

magnitude of Perturbtltiot~e: 

Q - e 0 - e  
A - a o - a  Figure 11- 44. 

r - Y 0 - y  

x and z axes during the steady fllght ccmdltlon are  shown From Figure 11-44, It can be eeen that the fllght path 
In Flgure 11-42. The subscrlpt o Is used to denote axes angle y Is equal to the pltch angle, 0, mlnus the angle 
durlng the steady flight condltlon. of attack a: 

By recalling that once the axe8 are  fixed to the olrirame (II-192) y . 8 - a  
during the steady fllght condltlon they remain fixed wlth 
respect to the alrfrarne during any particular analysls, The change In angle of attack, A a ,  can be expressed ae 
the alrfrarne In a disturbed condltton and the dlaturbed a functlon of the component velocltles. 
x and z axes warld appear as  in Flgure 11-43. It should 
be noted that the relatlve wind does not necessarily lie From Figure n-45, the foUowlng relatlon can be derived: 
along the dlsturbed axls. 

tan Aa - &  
To present a complete plcture of the longltudlnal angles, U U o + u  

It la necessary to superlmpose F i e r e  11-43 on Figure Since both w a d  u are small: 
XI-43, aa in Figure II-44,wlth the fuselage reference 
line and the airframe outllne omltted. t a n A u ' : l ' = A a  and W ' : U , A U  

"0 

The lateral mgles are shown in Flgure 11-46. The angle 

Eulerian x Axie % Wing Cl~ord Line of yaw, 4,  Is the angle between the steady fllght 1, axle 
and the dlsturbed x axls and Is posltlve as  shown. The 
~ g l e  of sldesllp, B, Is the angle between the flightpath 
and the dlsturbed x axle and Is related to the lateral 
velocltles by: tlrn . Y . -L 

U U , * u  
By notlng in the flgures the correspondence between B 

Direction of Fllght atid Ule perturballon angle of attack, A a, it may be con- 
cluded that: 

p 1 . 1  
''0 

Figure II-43. 
The roll angle, @ ,  1s of course not shown, but 1s deflned 
a8 the rotatlon about the dltlturbed x axle. The angle 

II-31 
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Flight Path 
During Steady 

Plight Condition, 

Z I s  deflned a s  the angle between the equflibrium flight The variable, B , is substituted for v in (II-lQ4) usln 
path and the disturbed flight path. the relation 8, r. Thus: 

u 0 

It should be polnted out Ulat only when B 1s equal to eero (11-lQ5) 

lo the sldelip angle P ,  equal to the negative of the yaw u,b - Y vU,fi - YDp-,g 

angle (see Figure 11-47). - Y, 6, tY 6 
A 1, 

The equations of motion a r e  now used to derive the 
transfer functions. (11-03) and (U-04) are rewritten - ~ ~ f l + b - ~ ~ p - +  ) . - ~ ~ r  - L ~ ~ I ~  t ~ ~ ~ t i ,  
below with yo substituted for e,: II 

X 1 R 6 ~  X ~ g 6 ~  * T I R p U f ~ ~ u  cos f + X 6 F  bF 
Dividing the first equation of (11-106) by Uo yields: 

-Z,U *(T, sin L)U-U,Q -Z ,Q * g  sin yo * i -  ~,i- Z,W ( I I - ~ Q ~ )  

- 2 1 ~ 6 1  + z,.~B  sin ~ ) 6 ~ ~ ~  + z,:, I j -  Y,B- Y ~ D  -9 C 0 8  y * r -  y : r - / L  nin yo 4 
(U' ( $ v"' ( 1 

Y 
-M,U- '3 T,u* 4 -  U,q- MbC- M,w 

- Y i A s A  * Yin6,, where Y: - , otc. 
I,, u 0 

(11-180) can therefore be writtori as: 

(11-104) b - r V f i - ~ ~ ~ ~ - ~ ~ o s  y , k * r - ~ : r - ~  Uo 

i -  Y,v- Yg- g(mtl y$#h U,r- Y,r- ~(8Ln yo)yl- YIA6,+ yIR6, Y i A b A  + y;,b, 
(11-107) 

- L , v + b - ~ g -  b c  i - L r r - ~ , A 6 A + ~ , R 6 R  - L d l  + :> - L,,D - i -  Lr r  ~ , ~ 6 ~  t L,,S~ 
I,, I,, 

I -NVv - --I+ ) - N,p t r - N r r  - N, bA + NIR6, - N P -  st ) - Nyp t i- - N r r  . 
1.2 I,, NI*~A * N I ~ ~ ,  



Fidura 11-47. 

-(Z,-C1)u(e)t [s(1-Z,)-Z,lw(s)- (e(u,+Z,)-g sin yolO(r) 

- ( M u  + E1)u(s)-(aM, + M , ) W ( B ) * ( S ~ -  Uqa) 8 (I) 

MIEIL(s) * MIn6,(a) * F1+,,,(8) * U1c81(8) 

equatlons, the principle of superpoeltlon may be 
o obtaln a solutlon . For Instance, the response to 
taneous appllcatlon of elevator and dlve brake 
Uona can be determhed by calculating the response -L#(a) (aa - aL,)@(a)- ( A , S ~ *  eL,)+(r) 
h of these deflectlone separately and then addlng 
er the results to arrlve at the complete solutlon , L 1 ~ 8 ~ ( s )  * LIR6,(a) 

h thb volume only the longltudlnal response to elevator -N#(s)- (6,s' * sN,)@(a) * (aa - sN,)+(r) 
deflectton and the lateral response to rudder and aileron 
Lllectlon a re  glven detalled analysis. It should be N1A6A(a) * NIR60(8 )  

rmphaeized however, that the mathematical techniques of where 
rolutlon for the other control lnputs are  Ldentlcal. 

The Laplace transform method* of solutlon 1s used 
throughout thle volume. Equatlons (11-103) and (11-107) 
trmeformed, become; C' Tu e in  6 
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Sectlon 1 5  

The longltudinal transfer functlons written In deter- 
mlnant fbrm for the response to elevator deflection 
(6, - 8 ,  - 6,,, . 0 )  are:  

(11- 100) 

1 X , ~  - (sxitx,) -(sx,,-~ cos w I 
A b l  . ,",e - (SMb*M,) (s'-~,e) .NL 

'"" [a- (x,,~A')I - (S<*X,) - (axq-& cosyb) 
- 

"1 

D, i8 the determlnant of the homcgeneoue equation8 and 
18 expanded In (11-200). 

where 14.1-& 

0 -  - (1-Z,)[(X, * A')*Mql-2,-M4(U, * Zo)-X4(Z,- C') 

c - IX,+A~) [M,( I-z,) +z,+M,(u,+z,) I+,+E') [Xi(u0+Zq) 

*Xq (1-Z;) 1 +MqZ,+ (%-Cf)  [MqXb-X,)-XqM~l 

*M,g s i n  yo-M,(U, * Z,) 

D - g s i n  ~ , ~ M ~ + E ' ) X ~ + M , - M , ( X , + A ' ) ~ + ~  cos Y~[~Z,-C')M; 

+(MU*E1) ( I-Z,)] *(MU*E1 )k+X,(U,+Z,) *Z,Xq] 

t ( % - ~ l  ) [x,M,-X,M,I + ( \+A ' )  [M,(u,+Z,)-M~Z,I 

E -  g COS y,[M,(Z,-C')-z,(M,*E')] 

t g  s i n  y o [  (MU+E4)X,- (X,*A1)M,l 

The numerator determinant Nu is expanded in [II-201): 

where A, - X6E(l-Zi) *ZI X, 
B 

8, -X, E [ (  ~-Z~)M,*Z,*M;(U~*Z,)] 

tZ, [ X ~ M ~ - X ; M ~ * X , I  

*M, EIX;(Uo+Z,)* (l-Z;)X,] 

C, xIE [duz,+~,g sin yo-M,(U,*Z,)I 

tZ, E[XqU,-Mig CoS 7,-X,M,1 

+ M , ~ [ - X , ~  s i n  y,*X,(U,*Z,)-(l-Zb)g COB Y,-Z,X,] 

D, - x,~(M,(I s i n  Y,)-Z,~(M,~ cos yo) 

+M,,(z,~ con yo-x,g s i n  Y,) 

Slmllarly, 

(U-202) 

[s- (XU+A1) ]  

93L. ? N, - 
p E ( ~ )  D l  

(11-203) 
N, - A,sJ * B, e2* C,a D, 

where 

A,=ZI~ 

B, X,E(ZU-C1)*Z,C[-MP- (Xu+A') l  *MIL(UO*Zq) 

C, - XIc[ (U,*Z,) (M,*E1 )-Mq(z,-C1)1 

+z, [ M ~ ( X ~ * A ' ) - ( M ~ * E ~ ) X ~ I  
C 

t ~ , ~ [ x , ( Z ~ - C ' ) - g  s i n  yo-(U,+Z,) (Xu*A1)1 

D,.-XIC(MU*E1)(il a f n  70)*Z,C(M,*E')g coa yo 

+MIC[(\+Af ) 8  s i n  yo- (2,-cf )I cos yo] 

and ('-a04)l [a- (X,,tA')] - (aX,tX,) 

(11-205) N, A,B' t B#B t ce 
where 

It should be noted from the mechanics of the above der- 
ivatlon that had it been desirable to derive the transfer 
fundions for any one of the other control inputs, it would 
have been necessary only to replace 6 ,  by the appro- 
priate derivative whenever b ,  appeared In the above 
transfer functlons. This useful knowledge can also k 
applied to the lateral transfer functions about to be de- 
rived. To make the following transfer functions appll- 
cable to aileron deflectlon 8 ,  instead of rudder deflec- 
tlon 8 ,  it i s  necessary only to replace b ,  by 8, wher- 
ever 6, appears, and to replace the quantities Ybl , 

, andN8 R by Y a A  I L 8 A  , and N, respectively, 
A 

The lateral transfer functions for rudder deflectlon, 
( S A  o), can be derlved a s  follows: 



B+ - (Lp+*lN8)+L1 k (-Nr-yv) +NIR(Lr-*'Iv) 

c+ Y;,[-L,N~-L#~,I + L ~ , [ Y ~ N , + N ~ ( ~ - Y ~ ) I  

D, = ( N , ~ L ~ - L , ~ N ~ ) $  s i n  yo 

0 - I , (  1-AIBI)-Lo-N,-AIN,-BIL, 

c N ~ (  1-Y:) +L,(Y,+N,)-Y; ( A ~ N ~ + L ~ )  

The above transfer functions, which are used a8 the 
basia of discueaion in Chapter 111, completely describe 
the airframe within the limits of the assumptions made 
in their derivation. The assumptions are repeated here 
for reference. 

ASSUMPTIONS, 

I. The airframe is  assumed to be a rigid body. 

11. The earth la assumed to be fixed in space, and, 
unless specifically stated otherwise, the earth's atmos- 

D,, u,k t l - ~ ,  coa yo + N, 8111 yo] phere is  assumed to be fixed with respect to the earth.  

111. The mas8 of the alrplane is assumed to remain 
constant for the duration of any particular dynamic 

V. The disturbances from the steady flight condition a re  
assumed to be qrnall enough s o  that the products and .- squares of the cllnnges in velocities are  negligible in 
comparison with the changes themselves. Also, the 
disturbance angles are assumed to be small enough so  
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that the slnes of these a n ~ l e s  may be set equal to the results and theoretical analyses of the d~namlcs of air- 
a n ~ l e s  and the coslnes set equal to one, P~&I/cC/BO/ pfanes ffyfng fn the transonlc and supersonic speed 

these sngfes Rro also approximately zero and can be 
neglected. And, since the distt~rbances are small, the 
change in air density encountered by the airplane durlng 
any disturbance can be considered to be zero. 

W. During the steady flight condition, the alrplane Is 
assumed to be flying with wings level and all components 
of velocity zero except U,. Since stablllty axes are now 
used as reference axes, W, - 0. 

VIP. The flow Is assumed to be quasl-eteady. 

The main problem associated with the use of these trans- 
fer functions Is the determhation of the numer ical values 
of the stablllty derlvatives. Over a period of years ,  
considerable experience In the appllcation of these equa- 
tlons to many varled alrfrarne configurations flying at 
low mbsonlc speeds has been gained. For the low sub- 
sonic speed range, It mqy be sald, In general, that there 
Is good agreement between the results of theoretical 
analyses and of experlmental fllght tests. 

Experience in the correlation of experimental fllght test 

ranges Is deflnitely limited at thls time.. In view of this 
lack of experience, no attempt is made to draw any firm 
conclusions regarding the dynamic behavlor of aircraft 
flying at these speeds; however, some rather general 
remarks can be made. The assumption of quasi-eteady 
flow does not appear to be very accurate for airplanes 
flying at transonlc speeds; consequently, unsteady flow 
effects may have to be Introduced into the transfer func- 
tions for the results of an analysis to have practical 
value. The outlook seems to be more favorable for 
purely supersonic flow. The time lags for the force8 
to approach steady values appear to be of the same order 
of magnitude as in subsonlc flow with at least one excep- 
tion, this being the lag ln the damplng of a wing In pitch 
for the lower supersmlc Mach numbers. In general, the 
basic theory used in thr, derivation af the transfer func- 
tions can be applied to an alrplane flying at elther sub- 
sonic, transonic or supersmic speeds, but caution muet 
be used to ensure that all of the necessary stablllty de- 
rivatives are Included. 



CHAPTER Ill 

DISCUSSION OF TRANSFER FUNCTIONS 

SECTION 1 - INTRODUCTION 

r, the transfer functions previously derived acteristics dmilar to thorn occurring during most nlght 

tlons and of showing how an analog com- Complete three degree of freedom responses to a ccntrol 
used Ln the analysis. surface deflection for the longitudinal motions a re  

analyzed f i rs t ;  then some lesser  degree of freedom 
relating to transfer functions In general solutions and approximate factors of analytical value a re  

tlons are treated similarly. The slmplified solutions 
are used to determlne the relative importance of the 
individual stablllty derivatives to the various modes 

ely unimportant terms; they of motion. 
ica1:y for  a representative 
aft at a typical flight condi- Analog camputer solutions are given which demonstrate 

the effect of flight conditions and of indivldual dimen- 
sional and basic non-dimensional stability derivatives . 

SECTION 2 - GENERAL DISCUSSION OF TRANSFER FUNCTIONS 

K,e ''1 ' + K,e - ' a  + Kje '" s in  ( w t  + 9) where a, W ,  ents certain general information re-  
functions In preparation for the de- and @ are functions of the real and imaginary parts of 

When the time hlstorles are written in thls way by com- 
bhhg  any complex conjugate terms, they conslst of sub- 

For example, if D ( 8 )  = A#' + Bs3 + C S ~  + Dg + g 
)(I + al) (a  + as)  ( a  + a,) , the time histories of terms of the modes of the transient motion. 
lent motions 01 the craft are  of the lorm: 

The complete solution of the system of linear dUfer- 
K,e'*I ' + K ~ B . ' ~  + K,B''~ + ~ , e " 4 t  entlal oquatlons which descrlbe the motion of a dynamic 

syotem i s  the sum of a steady-state and a transient 
solution, provided thnt a steady state exists, a condition 

K's depend upon both numerator and denom- whlch occurs only il the system is-stable. The atability 
tltlee in the traneler lunction and where the or instability of a system can be determined by applying 
complex as well a s  pure real quantities. Routh's critorlr,., to the coefficiente In the characteristic 

oquatlon, and L,J degree 01 s t~bi l l ty  (or instabillty) can 
1 the a's, say a, and a,, a re  complox con- be determlned by finding the roots of the characterlatic 
the tlme hlstorles may bo wrltten in tho form oquatlon. 
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A system is  stable U, and only U, the transfer function plottlng a Bode chart can be obtained experi  
has no poles in the rlght half of the complex s-plane. If by excltlng the physical  sys teni  wlth a s ln  
N(s) ard D(s) have no common factor, the last statement varlable frequency and measurlng the reepon 
i s  equivalent to saying: A system 1s stable U, and only the transients have dled out. For a etable syst 

half of the complex s-plane. (U N and D do have com- function of the amplitude. Bode dlagrams can also 
mon factors,  these must, of course,  be cancelled out obtained by reduction of transient data, but much mo 
oefore applying this second tes t  for stability. ) The analytical work i s  required. 
steady-state solution for a stable system corresponds to 
the system response t o  as lnusoidal  forcing function Results of analyses in this chapter a r e  to be pre  
after a sufficiently long time has elapsed from the ap- both a s  Bode charts and a s  functions of time by 
plication of the sinusoid s o  that the transient response of analog computer recordings. 
has damped out to a negligibly small amount. 

Although the Bode char t  i s  basically a system des 
The frequency response, or  Bode plot, ie a valuable tool, it also yields information concernlng transient r 
design tool for the determination of the system transient sponses; this lat ter  use i s  the one emphasized i 
characteristics. It conslsts of two parts: one, a plot chapter. These Bode charts of airframe transfer 
of transfer function amplitude in decibels, and the other, tions give data in a form which the control system 
a plot of t ransfer  funltion phase angle, bcth plotted signer can readily use. 
against the logarithm of the frequency. The Bode plot 
can be obtained from the transfer function by substituting The analog computer i s  an especially valuable tool f 
j w  for s ,  analyzing the dynamic response of complicated syste 

because it yields large  amounts of quantitative do 
Whether the system represented by the transfer function quickly and easily.  The analog computer t races  
l a  stable or  unstable, this substitution leads to a result plots of certain variables a s  functions of tlme 
mathematically Identical to the solution of the non- results could be obtained by taking the inver 
homogeneous equations of motion of the system with a transform of the transfer functions and plott 
sinusoidal forcing function. sulting expressions against t ime, but this 

would requii-e far  more time and effort, 
I! the system i s  stable, the information required for 

LONGITUDINAL TRANSFER FUNCTIONS 

SECTION 3 - COMPLETE THREE DEGREE OF FREEDOM RESPONSE TO ELEVATOR DEFLECTION 

In this sectlon, the complete three degree of freedom membered that if any of these derivatives were actu 
response of an a i r f r ame  to an elevator deflection i s  of primary importance for a particular airframe, 
examined. A s  mentioned previously, the transfer func- roneous quantitative data might result from the use 
tlons derived in Chapter II a r e  to be simplified before this assumption in the analysis of that alrframe. 
proceeding with the analysls. 

In genernl, any slablllty derivative may be neglecte 
In comparison with other terms appearing in (11-108), It Is first determlned that the term containing the gl 
severa l  t e r m s  a r e  smal l  in magnitude because they derlvative is small in comparlson wlth other terms In 
contaln slablllty derlvatlves, such a s  x', x,, z,, x8 E, same equatlons. 

and T,, whlch a r e  usually very small. The derlvatlve 
Z, i s  relatively unimportant because it appears a s  an 
addition to U, In the Z force equatlon of motion and is  
always small in comparlson with u,. 

ASSUMPTION VIII. it is assumed that: Assumption IX Is Introduced solely lo slmplif 
mechanrcs of the a n a l y s ~ s .  When thc fllght path 

X, . X, - Z; - X h E  = Zp - Tu - T s R P H  0 alrplane is lnltlally lncllned to the hqr lzontal, y ,  
of course be Included In the tran~:c f'~nc1lons. 

The longltudlnnl transfer function.. . I  In Chapter 
Perhaps the best general evldence in juvtlflcatloil of slmpllf!cd into the following ., ,I,S by the use 
Assumption VlII is that the derlvatlves named In I t  rarely ~hsuinpt lons  VIII dnd IX: 
appear In tho technical literature conccrncd wlth air- 
craft  dynamics. The Inference here 1s that although (111-1) 
lndlvldual lnvestlgators have evaluated the eflects of 
these derlvatlves for a multltudc of varlous airframe 

R"  - %, X, 
confl~wrations, they have f o u ~ ~ d  them to be of only bee- L 

ondary Importance. The adopt lor of Assuml~tlon VIil -z,L(hMi + L I q Y , )  4 M,r(U,X,- g) 
does not In any way alter the methods of arlalysls npplled 
In the remalndcr of thlb chapter,  but it must be ro- I), = i?(hl, t,Z, - M,L, u )  

111-2 



(Ill-6)are not written accordhg to the convention selected 
for wrltlng transfer functlons; Instead, they are  to be 
wrltten In the form: 

0,- -Z,,(Y,+ Xu) * MI,Uo 
Transfer Rurction - KO(s)  

C,- X,(Z,,M,- M,,U,) 

D, - O(Z, ,Mu - ,Zu) where K 1s the frequency lnvarlant part, and a(e) the 
frequency dependent part, of the transfer functlon. 

In the K O(s)form, (111-6) become: 

Be Za ,(MI - M&) - M,,(Xu + Z,) 

C, ZI,(MuX, - M,X,) * M8 ,(XUZ, - X,Zu) 

D, As4 * 8s' t csa t Ds t E 

B = - ( Y e + X , + Z , * U o ~ )  

C- Ma& - UoU, + %,,(Ye + 4 * UoMb)-\zu 

Ih-%,,(Y,Z, - UoU,)-M,UoX,*YQ\Z,+~(~,Z,+~u) 

E B(M,Z, - MuZ,) 
(III- 8) 

Mach Number 
True Airspeed (ft/rea) 

Inspectlon of the roots of the characteristic equatlon 
(commcnly called the   longitudinal stability quartic") for 
these degrees d freedom shows that the characterlstlc 
longitudinal mottons conslst of two osctllatory modes. 
One of these I s  a relatlvely well damped hlgh frequency 
osclllatlon called the short perlod mode, and the other 
Is a Hghtly damped relatively low frequency osclllatlon 
called the phugold mode. Both a re  discussed later In 
more detail. 

Flgures III-1, IU-8, and 111-3 are Bode plots of (In-0), 
(111-'I), and (111-8) respectively . By examlnlng these 
plots, eeveral conclucllons can be drawn concerning the 
phugold and short perlod modes of the t r a ~ ~ e l e n t  re-  
sponse of the alrframs. 

Flgure 111-1 shows that the amplitude ratio, 

than at that of the phugold. Thls lndlcates that relatlvely 
smaller changes In alrspeed occur during the short 
period translent mode thru~ durlng the phugold translent 
osclllat Ion. 

By lnspoctlon of F l y r o  III-2 or equatlon (III-I), It may 
4a(e), J- rr(e), 06.8s' * 17343aa * 168.4s + 80,25 be seen that a qusdratlc In the numerator of the 
6, (8) U, &,(a) (na*4. 210st 18.242) ( B ~ * o .  0000le~0. 00390) 

. 2 5 , 0 1 f 1 2  35. QBfl 0.350% sequently, there 1s almost no chanyo 111 angle of attack 
6,(e) (ea+4,21~6+- during tho phugoid oscillation. 









. " 
ther,  the maximum amplitudes of 0 in each mode a r e  

'y equal than those of (11 
6 E 

comparable in magnitude. All these facts a r e  in agree- 
fit Urn same freauencies. Thls l m ~ l i e s  that the ampll- ment with what was inferred f rom the Bode plots. 

: t e r l s t L  modes a r e  
'or the same lnputs . .. . - - .. . The characterist ic response of an airplane to  an  im- 

perial OI a and e. On the basls of the analysis presented above, the equa- 
tions of motion are  now used to derlve some approximate 

tions a re  discussed, . . .. . transfer functions. Equations (11- 198) reduced by apply - 

traces. (111-0) (S - X, )U(S)  - X,W(S) * gB(s) 0 

From thls f igure,  i t  can  be seen  that the maximum -Z,u(s) t ( 8 -  Z * ) W ( S )  - sU,B(s) = z s E 6 E ( 8 )  

amplitude of u 1s very much smaller in the short period -~,u(s)-  (SM; + h~,)w(s)+(s - Ma)sB(e) MSESE(s) 

SECTION 4 - TWO DEGREE OF FREEDOM SHORT PERIOD MODE APPROXIMATIONS 

15 ilderlng only the -i( l .e. ,  w) and 0 relations. (111- 15) s A I 1 

- E  - and 

'e(') 8 (9'- (U,M; + Z, + Ma)s+(MqZr - UoM,)] tllu cqu;itions for tlie two degree of freedom approxima- 
tion to tlic sllort period mode a r e  shoum in F l y r e  III- 7. 

The common part  of the denominators of these t ran~tfer  
functions 1s of the form ,,a + 2 [ w , ~  &:, with: To  check the accuracy of this  two degree  of freedom 

npproxim;~t~on,  three comparisons a r e  made: f i r s t ,  
(111- 13) tlicnuniericnl v;ilues of the npprq~riate ratlos and natural 

frequencies in (111-8) and (111-16) are compared; second, 
P un JM,,z; U,M, thc Dab chwts  of Figures ID-2 and In-5, and of Figures 

111-3 and In-6 11 2 superimposed; and third, the analog 

and 
computor traces of the two arld three degree of freedom 
solutlons a r e  compared. 
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Chapter I11 
Section 5 

le ID-2 contains the values of !,,, and for  both degree of freedom (from F i b ~ r e  111-3) and two degree of 
OIJ freedom (from Figure 111-6) 8 / S E  transfer functions. In 

two three Of cases' It be both cases, it can be seen that there is very good agree- n that these values check exactly. ment in both phase and amplitude ratio In the vlcinity of 
the short period natural frequency. 

As a final check, the two and three degree of freedom 
solutions of the equations of motion from the analog corn- 
puter a re  superimposed in Figure 111-10, which shows 
that there Is excellent agreement between them. 

egree of freedom short period mode. In summary, the two degree of freedom solution of the 
pitching moment and vertical force equations of motion 

TABLE 1 1 1 - 2  i s  a very good approximation to the short period mode. 
For a typlcal flight condltion, the short period mode can 

edom Ad&, transfer function (from Figure 111-2) speed, plotted. Figure 111-9 shows the plots of the three 

SECTION 5 - TWO DECREE OF FREEDOM PHUGOID MODE APPROXIMATIONS 

indicated in Section 111-3, the quantity w , ,  the ln- The resulting transfer functions a r e  of the form: 
mental velocity ln the z direction, is almost exactly 
o, but u and e undergo relatively large variations in (111-20) 

( s ,  plitude durlng the phugold motion. 

se facts suggest that an approximation to the phugoid 
be obtalned by settlng w - 0 ln (111-0); the result of and 

-17) (S - x,)u(s) + g e ( ~ )  . o 
-z,u(s) - ~ u , e ( ~ )  - z, E 8 E ( ~ )  

-M,u(s) * s ( s -  1 , ) 8 ( s )  - M B E S E ( s )  and hence the natural frequency and damping ratio of 
the approximation to the phugoid a r e  U,  - 

e equations in two unknowns have no solution and [, - <<,, respectively. 
P 

P 

By substituting the apprnopri;ite numerical values f rom 
Table 111-1 into (111-20) and (111-21) and arranging tile 
results in the K ti@) form, the transfer funct~ons become: 

general, the stability derivative Mu i s  extremely small 
d is therefore usually assumed to be zero a s  It has (IIr-22) 
en for the generic alrcraft which provides the numerl- 
l values used in the present discussion. Further, Uie 
ugoid motion of an aircraft is so slow that the inertia 
ces actlng durlng it car1 be assumed negligible. If 

Ih these assumptlons a r e  used, the last  relation of 

111-18) - W I , U ( s )  . M A E b t  ( t i )  

this last relutioll Ir ;  cornbilled wlth either of the first wllc,re o of (111-17), the characteritill[: cclulrtlons of tllt.:jc two 
proxlrnatc syeterns c;uu~ot have colnj~lcx rtnlts; tlut i s ,  

thc systems reprcscr~led by t l~esc 1);tlrs of cci~~aliorrs C;III- E'~f:urt's 111- 11 ;\~iti 111- 12  arc tllc E3odc plots of (111-22) 
not osclllato. To uhtaln an ohcil1;trory :;olulio~l, lt is a ~ ~ t l  (111-23). rcs[)cc.tivcIy. Tllc* ;~nnlog con~l)irter' solu- 

tiuns of tl\c ~.t~ri:rtions for the two clc(:r.ee of freedoln 111)- 

l , ~ ' o x ~ ~ ~ i ; ~ t i u n  to lhc pllu(:oid nlode a r e  showrl ill Figure 
111- 13.  

( I I I - ~ Q )  ( L -  X U ) ~ ( ~ ) + ~ o ( t r )  O 

-Z,u(s) - HU, ,U(U)  - % s h ; h h ( ~ )  Tllc ;lcc.~lr;~cy L I ~  t t~c  two dcl:rctc of frccdum alq~~.ux~ln;lllOn 
to tlltr ])I~i~l:uitl lilotlt! c;ln IF ch(.c,k(.d ill l l~e  sanlc 1iI;lnclt.r 
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Section 6 

Three Degree o f  Freedom 
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ceding section. Table IIT-3 shows that there i s  rea- creases in direct proportion to the angle of attack, theso 11 

PHUaOID MODE ( causing the airplane to decelerate. Therefore, the 

In the two degree of freedom case, the change In angle 
of attack is set equal to zero. Since only the equations of 

I 
t 

o r  Two Degree and Three the forces in the x and z directions are used in this two 

TABLE 1 1 1 -  3. I 2, E. For the angle of attack to remain zero, the airplane 

must pitch in the negative direction (nose down). This 1 

wo degree of freedom U S ,  increases the component of the force of gravity along 

Of Ireedom change in forward speed i s  in phase with the elevator 
Figure (Irom deflection, whereas the change in pitch angle is out of . . 

contrl~utes to ule motion. posed. In each case, the two degree of freedom solu- 
tions have a smaller amplitude and a 1800 phase shift 

bthe three Of case, a positive compared to the three degree of freedom solutions, 1 
,.e. I .  . . t  , . itch in the positive whereas the frequencies are in relatively good agree- I 

ruecrlon (nose up) Decause 01 tne relatively large posi- ment. 

ctlon, and the result perlod mode, whereas the two degree of freedom ap- 
mall downward velocity pro- proximation to the ptlugoid mode yields only reasonably 

SECTION 6 - ACCELERATION TRANSFER FUNCTIONS 

Transfer functions which relate to the acceleration, as accelerations to control surface deflections are of more 
measured by an accelerometer carried with an air- value to the systems engineer than are those given in 
craft, are  Important because an accelerometer mav terms of the accelerations undergone by the airframe due 

However, the acceleratlon thus measured is not identical measured by accelerometers aligned along the x and z 
5 with the acceleration of the aircraft due to its flight axes. 

path. For example, the resultant acceleration measured 
by an accelerometer located at the c.n. of the craft is If the airframe is initially in unaccelerated horizontal 

Ule alrplane is flylng in horizontal, una~celera t~d  flight . itational acceleration along the z axis. 
This reading is due solely to the force of gravity. I 

(11-63) show th, t tile sum of these two chan~es i s  exactly 1 













NOTE: 
DIVIDO BY I, TO OBTAIN COYPLSTE APPROXIMATE D.C. GAIN OF THE TRANSFER ?UNCTION. 

I 
( T H I S  APPLIEB TO ALL THE CACTORED NUMERATOR EQUATIONB. 



than the corresponding quantltles for the phugoid. Since (IU-38) is generally more useful when it is written In 
t h b  I s  generally true, a and b can be considered large terms of damping ratios and natural frequencles: 
in comparison with a  and b .  

Expandlng (111-34) y ields: 

OJJ-35) D, -6 '  + fa t a) s9 * fb + aa +A) sa + lab + ap)s,bj 

By equating coefficients of like terms in (111-33) and 
By writing out the expressions for the coefficients In D l  

6 - a t a  D - ab  t ap In terms of the stability derlvatives, by substituting the 
results into the above expressions for the appraximate 
natural frequencies and damping ratlos, and by neglect- 
ing in the results all terms whose values a re  small L 

and by neglecting relatively small quantities on the comparison with other terms to which they are added, 
right sldes of (111-36): the quantltles unBp , wnp, cBP , and 5, are  then given 

' b C  BE 
D - - 

D-ap; C - M : - B E  am- 
b  C C .2 

where 2 means "is approximately equal to." 

Then: 

short period v 
~hugoid 

In this expression: 
DC-BE 

= 2S8,unDP C  a dB, a ' 2(,% 
or P 

SECTION 8 - EFFECT OF SINGLE DIME1 

In thls section, the longitudinal characterlstlc equation 
is evaluated for numerical values of the stability deriva- 
tiveo for a partlcular fllght condition. The effect d 
separately varying each of the stability derivatives In the 
characterlstlc equation is then presented in the form of 
plots of the natural frequencles, damping ratlos, and 
tlme constants of the characterlstlc equation as  functions 
of each derlvatlve. 

All plots presented are for one particular fllght condl- 
tlon. Therefore, predlctlons and conclusions based on 
an eminat ton of thcue plots are strictly applicable only 
to the glven fllgh1 ccmdltlon. FIowevcr, it is felt that the 
results are general enough to lndlcate slyniflcant trends 
for a wlde varlety d fllght condltluns. 

The following example shows how a partlcu1;ir stablllty 
der lvative can be varled. If an alrplar~c in cquIpp~YJ wlth 
a rate gyroscope allyned to measure the pltch rate and 

In terms of combinations of stability derivatives: 

@-40) u ~ s p  'm 
- 

(U,M; 4 2, l Ma)  58, *- 
2(LnBP 

'L J- 
" n ~  (*nap 

;._X,- lepuop - MU (U,,X, - g )  - X Z U M q  5, 
2hnp wnsp 2unP 

Approximate factors have also been deglved for each of 
the numerators in the U,8 , and 4 transfer func- 

b~ b~ b' &E 
tions. These approximate facfors have been checked 
with fhe exact factors of the transfer functions of a con - 
ventional cruciform configuration airplane at a variety 
of flight conditions and have ytelded reasonably good 
agreement. The approximate factors are summarized in 
Table 111-4 on pages 111-26 and III-27. 

VSIONAL STABILITY DERNATNE VARIATION 

connected so that the elevator i s  deflected in proportion 
to the measured pttch rate, quantltles denoted as Mc, and 
&,are created. a ~ , q  and &,q a re  tncremental values 
of the angular and linear accelerations caused by de- 
flecting the elevator. 

(111-41) M T q - M,q l aM,q - (M, l aM,)q 

(111-4) 
Mq, 

Similarly: 

(111-43) - 2 "  + m a  
QT 

In (111-42) and (111-43), the subscr~pt "T' denotes ' 
and the terms%, and M, are  the stablllty derl 
Inherent 111 8'  airframe. The quantity N!, can 
pressed as: 



8,  the increment to the,pitchlng moment due to Tho stability derlvatlves for the alrframe at the flight 
rate la proportional to the pitching moment due condition used in this section a r e  listed in Table 111-6; 
vator deflection. Bim4,1nrly: the flight condition for which the stability der ivathes 

have the values given in thL table L referred to ab the 
"base case." 

Altitude ( f t . )  
Weight (1 bs. ) 
Mach Number 
True Airspeed (ft/sec) 

any value by selecting a suitable value for K. 

equation. If this were done for enough values of 
a plot of the parameters of the characteristic equa- 

Table 111-L 
assumptions are impllcit in the plots of this section. 
flrst is that a control surface can be deflected with- 
lag proportionally to the instantaneous measured The factored form of the characteristic equation for the 

of a given var lable (the theoretical mechanism base case is: 
ed capable of such performance i s  referred to a s  

rfect autopilot"). The second assumption, i s  that it 
ssible to change only one stability derivative at n (m-50) D, r pa + 21,0np 

D l  - [sa  + 2(. 0283  (,0577)6 + ,003331 
+ 2(.8)(2.435)s + 5.9291 

rlmposed to obtain the resultant trend. 

acteristics.  Xu enters linearly into the approximate 
approximate factor8 of the longitudinal character- exprcsuioa for C,, and good correlation exists between 
equation are rewritten below for reference: the approximnte fac tors  arid the trend predicted by 

Figure 111-10. 

The expression for xu as  given in (II-100) i s  rewritten 
as: 
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agrees with that which would be predicted from them. 

expreseton lor X, given Ln (It- 180) la now rewritten (1II-48) and (111-49) indicate that the phugoid natural f re-  
quency increases and the phugoid damping decreases as  
M, increases in value, and also that as Mu moves in the 
negative direction, a,, decreases and I ,  increases. 
Figure 111-24 verlfies this. 

and CSp>>lp . As M u  moves In either theposltlve or 

of the trends shown in Figure 111-2 1. 
In the short period damping ratio. 
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U,( ft/sec) G73.8 

filure I I I - 2 1 0  Effect of 2, ol Parameters of tltc Longitudlncrl Charactorist ic Equation 
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and dhlrd terms on the right side of (111-49) become ex- In summary, it appears that there la good correlation 
tremely small ln comparison wlth the first  term. Since between the approxlmate factorieatlon of the longitudinal 
these termsare relatively very small to start wlth, their characteristlc eQatIon and the curvea presented In thle 
decrease does not apprec lably change the phugold damp- section. It seems reasonable to conclude that both CM 

SECTION 9 - APPROXIMATE FACTORS EXPRESSED AS FUNCTIONS OF THE BASIC 
NON-DIMENSIONAL STABILITY DERIVATIVES 

(It has been mentioned prevloualy that thls term le 
Aerodynamic data from wind tunnel tests, flight tes ts ,  major contributor to the phugold damping ratio.) 
and theoretlcal analyses a re  usually presented in the resulting equatlons are: * 
form of baslc non-dlmenslonal stablllty derlvatlves 

the stablllty derlvatlves a r e  in thls form. For thls 
reason, Chapter IV of the volume i s  devoted to a dis- 
cusslon of these baslc non-dlmenslonal stablllty derlv- 

Expresslng the approxlmate factors ln te rms  of the a n  p e r p 6%) r~)[~mu*C3 ( . L O * c ~ c ~ O ( c L U c c ~ ]  

bask non-dlmenslonal stablllty derlvatlves aids in de- 
termlnlng the effect of varying these derlvatlves on alr- 
f rame motlons . These expressions should therefore 

the airframe modes of motion can also be obtalned wlth- 
out flrst calculating the dimensional stabUlty derlvatlves, 

10 27. 

SECTION 10 - EFFECT OF FLIGHT CONDITION ON THE LONGITUDINAL TRANSIENT 
RESPONSE OF AN AIRPLANE 

Prevlous sections of thls chapter have been devoted to given. 
the dlscusslon of particular fllght condltlons. In this 
section, the effects of varying the flight condition on the Flgure 111-27, In-28, and m-29 can be used to de 
transient response of an airplane are  demonstrated by the damplng rat lo  of osclllatory modes. 81 
Presenting analog computer traces of the solutions of the damped poriod (TD) can be read directly from 
equations of motion for varlous flight conditions. Sta- sponse curves, the natural frequency can be ca 
blllty derlvatlves used ln thls analysls a re  theoretlcal from: 
values calculated for a hypothetical highbperformance 
jet airplane of conventional crucUorm configuration. (111-66) %. $ -u, 1 7  
Plots which can be used to determine the damping ratlo 
and t l~e natural frequency of oscillatory mode6 from the A parameter sometlmea used to descrlbe System 
transient response are  also included in this section in 
addition to the derivation of a formula for the time re- 
quired for an oscillatory mode t r  damp to one-half am- 
plitude. Finally some traces, whlch show the effect 
of varying a single dimenr;ional stability derivative, are  





1 - 
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and, since 
a = run! 

X = Ae ' cos(%t + d )  (111-63) ,H . a 
5 ~ "  

X amp11 tude a t  any time t (III-83) gives the value of the time requlred for a stnblc 
oscillatory mode to damp to one-half amplitude. If thc 

a = drunping constant = [u, system is unstable, (111-63) shows the value of the time 
% damped natural frequency required for the mode to double Its amplitude. ('Tills 

A = maximum amp) i tude equation i s  not used h the following analysis. It Is pre- 

4 = Mase angle sented here solely because It Is a parimleter that appears 
frequently in Ii terature dealing witll aircraft  stability 
and control. ) 

111-67) appears  In Flgure 111-30. It can be Figures 111-31, 111-32, 111-33, and 111-34 are imalog com- 
thie flgure that the curveAe - a t  bounds the puter traces of solutions of the equations of motion for 
a t ~ s ( % t  +@);that  18, the magnitude of x at a hypothetical high-performance jet aIrcr;dt flyitig at sea 

, t,, cannot be greater than the value glven by: l eve l  a t  the indicated Mach numbers .  From these 
curves, the natural frequer~cy and damping ratio of each 
of the oscillatory modes call be obtained. 

By computing enough such solutions, the values of the 
short period and phugoid natural frequencies ant1 damp- 
ing ratios cculd be obtained a s  functlor~s of Mach number. 
The four curves actually shown are presented merely to 
indlcatc the expected variation of these pnranteters with 
Mach number. -om these curves, certait~ Ii~cts c;m be 
readily determined: the short  period has i ts  11lghest 
frequency at maximum Mac11 number; the phugoid di- 
verges at Mach numbers of 1 .0  and 1 . 2 ;  and the short 
period Is more than critically damped and splits up into 
real  roots at M = 0.8.  

The effect of altitude variation i s  shown In the curves of 
Flgurt 111-30 Flgures nI-32, In-35, and 111-36. As in the case of the 

traces showing Mach number varlatlon, more complete 
information would be required to make s ta temer~ts  of 
any significance. However, eve11 with these few t races  
available, there are  indlcatlons that the phugoid natural 
frequency and the short period damping ratio decre i~se  

at time, t, , the value of x be lees thm, or at with altitude, and that tilere is  no unlform v;lriation of 
any of the other parameters  with altitude at t l ~ c  Mach 
number used. 

Figures 111-37, In-38, and 111-39 show the effect of vnry- 
ing the stability derlvative M , .  Figure 111-37 Is the 

8) and (111-60) can be  used to determine the t ime solution for the fllght condition of Table 111-1. Fihqlres 
111-38 and In-39 a re  solutions of the equations of nlotlon red for Ixl to equal one- half 1x1, ; 
that a r e  identical wlth those correspondlng to Figure 
111-37 except that the value of M, has been cl~arlged a s  
indicated on the figures. 

In the discussion of Ule effect of variation of M, 111 Sec- 
tlon 111-8, it was concluded that tlie prlnlary effcct of 
H,in becon~ing more neg;ilive was to llrcrcasc tho short  

g the natural lag d both eldee of (111-81) a d  per- perlod nah~r;d frcquu~cy ;~nd to dccre;~se t l ~ c  s l~or t  period 
ng the lndlcated operatlans yleld: dampltlg ratio. Tl~est .  same effects a r e  illustritlcd In 

these flguree. 

TO s u m m ; ~ r t z e ,  it s l~ould  be st;~tc!d t11;1t ~nucl l  of t l ~ c  
inforn~:~tio~l ~ O I I ~ C * I . I I ~ I I ~ :  tlrc t l y ~ r ; t ~ ~ ~ l c  rcspol~:lc! of 1111 ;11r- 
frillnc c ; ~ o  I)o o l , ! . l i~~rd  r r t :~ t l t c~~~:~ t i c ;~ i ly  ol~ly 11y r ; ~ t l ~ ~ : r  
ICII~:UIY c o ~ ~ ~ l ) \ ~ t ; ~ l i . . ~ ~ ; t i  nt14hcxl:i, whc.r~-:~s tllc: :;:III~c! 1111111. - 
r ~ ~ ~ t i o r ~  C;III 11c v I ) I ; I I I ~ I ! ( ~  \vltll e ~ ~ ~ i ) : ~ ~ ~ i ~ t l v c  s l ~ i ~ ~ ~ l i ~ ~ l l y  l l y  
tht? U:lu uf ill1 i~tli~lol: co~~r()utc'r. 





t ( 8 C C )  - 
f d l u r e  111-31. Anal04 Computer Record o f  T lns H l r t o r v  for Pulse Elevator Deflectdon. 
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Al t l tude i n  ) transient response when the airframe ~ o t i o n  1s excited 

Weight ( l b s  ) by a rudder deflection. 
30,600 From Figures 111-40 and 111-42, or  f rom (III-7y) 

Mach N~unber ,838 (~1-73) ,  it can be seen that the factor in the denomin 
*rue Alrapeed ( I t  / e m  ) which characterizes the rolling mode 15 almost exa 

cancelled out by a numerator factor  in these two 

ing it the rollhg mode. ) 

TABLE 111.6 

(111-79) Figure 111-43 shows t races  of the indicated vari 
obtained by an analog computer. The following 
can be determined from this figure: After the 
roll oscillation has essentially died out, the roll 

@(- 0,~013111 +j(" 1)(t * $atI) o in d , value; diverges the sldeslip while the  angle,^ yaw rate,  , remains r , increases zero. sl 

where] o, ,=0,203 woo = 1,11176 Since the divergent spiral  i s  the only mode whi 

C ,  ~0.00683 C p  ~ 0 . 0 2 4 3  mains a f t e r  the roll subsirlence and dutch roll 
have disappeared, it can be said that s and r ar 
dominant degrees of freedom in the sp i ra l  mode, 

The r o o t s  of t he  l a t e r a l  cha r ac t e r i s t i c  increasing value of yaw rate, r , represents 
equation, D2 , show t h a t  t he r e  a r e  three  ing valun of yaw angle, + . The divergent 

cha r ac t e r i s t i c  modas of motion:, the  re la-  i s  then composed mainly of increasing v 
and roll. This result agrees with the cone t ive l~  l i g h t l y  damped  oscillator^ mode from inspection of the Bode char ts .  

ca l led  the IJDutch ro l l , "  tho f i r s t  ordor 
divargent mode of r e l a t i v e l y  long t i a ~ o  Figure 111-43 also shows that the same  order of 
conotnnt ca l l ed  the  " s p i r a l  mode," and nltude of p ,  + , and q, occurfi during the dutch rol 
t he  first order convergent mode of rela- i s  sufficient to compute roughly the area  under the c 

of r during one-half tlie dutch roll period to get a ehort conatant the proximation to the amount of yaw angle that axl8tl " ro l l ing  mode, These w i l l  be discusrred any given time. ) 
i n  more d e t a i l  l a t e r .  
In examining the .malog traces, it must be kept in mind The rapid roll  subsidence is indicated by the fac 
that each of these records the motion of the airframo in the curve of the rol l  angle, ,p , plotted against 1 
one d e ~ r e e  of freedom; for instance, the trace shows reaches an eeseiitlally coristant mc;m value (excep 
all the sidefilip, i . e . ,  the sum~nation of the /)motions the dlverger~cc due to tho spiral)  in a relatively 
of all three modes. And similarly, each mode will, in time. This effect is not cvidcnt in the curves lor 
gcncl'al, contribute to every t race;  f o r  example, the I.. These facts verify the stntcmei~t previously 
dutch roll Impresses i ts  o:;cillatory motion on tlie ,j, 4 , that the rolling mode is  coinposed principally (11 r 
and I:) trace. (The quutlty J ' ,  rather thi i  I# i s  recorded motioii. 
bccallsc it is j ,  itsell that enters tho equations of motion.) 

l ' h ~  cll;lr;~c.loristic rcsponsc of iui nirplanc to zn 1 
F i l : u r e ~  111-40, 111-41, and 111-42 a r e  Bode plots of rudtitsr d;!flecllo~~ can ~ J C  sun~m;~~-ixcd a s  ~OIIOWLI: rift 
( I I I - ~ ~ ) ,  (111-72), and (111-73), rospectiv&ly. Several ivuddt?r i!; ricfl~!ctcd, the airp1:rne r;~l)idl y rolls, 
cor1clu:;ions can bc drawri f r o ~ n  inspection of these plots , arid s i d c s l i l ) ~ .  11 1 1 1 ~ 1  cxccutes a dnml~cci osci 

111 ;ill thi.oc clt+t:l.cc?s oi frei.don1 (d11lc11 roll). r\ll 
Sll\c!e tile ;r~riglilude ral.los a1 llie dutch roll natural fie- the oscil1utol.y motioli, . tlie rrri.:ul v:tlu~: 1 1 1  1.01 1 ,UI 
rlllc!IlcY il l  I"~l~ur.uu 111-40, 111-41, and 111-42 a r c  nearly 
~ i l ~ ~ : ~ l ,  11 n1:ly b!! conc111dr:ci tlt:#t com[)i~l.;ible :r~~ll,lltudcs eftor llrc or;t:ll l.tiury nicdc: ha:; d;~~~il,l:cI (I!((. ' l ' l l i~ 1 
0 1  , , ;111(1 I!, OCCUI '  111 tl~i! d111c:h 1.011 tnod[! 01 (he nlolioir is, ol co l~rse ,  ttic? slilr;il divorl:c!~tcc!. 

111-54 
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BECTION la  - AIRPLANE RESPONSE TO AILERON DEFLECTION 

where: {, - 0.0243 4, -- 0.827 4, 0.0047 
o,,, 1.8775 kol  = 2.659 boa 9 1.871 

), and (III-80) become: Figures 111-44, 111-45, and 111-40 a r e  Bode plote of 
(111-78), (111-7B), and (1U-80) respective1 y. 

Examination of Figures ILI-44, IU-46, and 111-46 and 
equations (ILI-78), (IU-79)) and (111-80) leads to much 
the same conclusions that were drawn from the transfer 
functions and Bode plots for rudder deflection,. with 
certain important exceptions. 

( A * S ~  * ~~8~ t C*B t D*) 

It may then be concluded that the relative magnitudes of 
the degrees of freedom occurring In a particular mode of 
the translent response depend upon whether the transient 
is  excited by an alleron or a rudder deflectlon. Further, 
In the case under consIderatlon, there Is a relatively 
smaller amount of Q in the dutch roll caused by alleron 

( 8  + 0.0495) ( 8  - 6.250) deflectlon than there is in that due to rudder deflectlon . 
(For instance, $2 in the dutch roll due to aileron de- 

(a-0.001355) ( a *  1.777) (sa+O. 09128+3.525) 
(sa + 0.01747 8 3.455) flectlan will be smaller than &&&..in the dutch roll excited 

(8-0.001355) (8t1. 777) (sa*O. 0912 8*3.525) 
by rudder deflection. )  AX 

( a t  1 .65)(ea - 4.398 8 t 7 . 0 7 )  0.394--- Figure 111-47 shows the analog computer solutlo~i d the 
S(S-0 .001355) (~+1 .777)  ( 8 a t ~ , 0 9 1 2 8 t 3 .  525) lateral equations of motlon for an aileron pulse deflcc- 

-77) ara now arranged In the K G(s) form: tion. Comparlson of Figure 111-47 with Flgure 111-43 
shows that the ratlo of the maximum roll angle to the 
maximum s~desl lp angle in the dutch roll mode excited I 

by aileron deflection is less than the slmilar ratio when 
the excltatlon Is applied by duflectl~rg the rudder. 

This result should not be understood to be the general 
case; I1 should ratlrer be co~rsldcred rui exa~uplc of how 
triurslc~it clnr;u:teristlcs rilay be prcdiclcd fro111 observa- 
tion of the transfer funcllon or Bode plot. 

Eva1 Uiough the1 - are cert;tui dlffere~rces 111 the tr.ulsiunt 
moUorrv for tlte . ..cral d c ~ ~ e c u  of f r~~Ylc)~~i ,  dc'pc111U11g on I 
whlcli coritrol surfitcu Is usud to excite the lr:urslc.~\t, the 1 
ratios d tiis dol:rccs d frcctiur~~ 111 ;irry of the 11rutlt~S Are 

111-50 
/ I  
I 
i 
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rou~hly  the same. motion; the dutch roll modo colldalne roughly ch.1 
amplitudes 01 rolling, yawlng, and sldeallp; 

Ln rmmmary, the rolllng mode Is an almost pure rolling s p l r d  mode consists mostly d yawlng and roll 

SECTION 13 - APPRQXIMATE TRANSFER FVNCTPQNS 

approximately 1180~ out off phase with the yaw an 
the dutch rcU natural frequency. Il[ltala permits an 
t l o d  slrnplificatlon to be made by aosumlng bat  B 

Slnce the dutch roll mode approximately cancels out the Under these assumptione, the dutch roil ILIKK!~ re 
6 transfer function, this mode Is considered to consist to an ssclllaOlon durlng whlch the a h g s  peanraln 
solely of the sldesllp and yaw degrees of freedom . and sideslip angle 18 equal h t  opp~s l te  In dlsectl 
Flgures T[I-44 and 111-48 show that the sideslip arigle Is the yaw angis, as shown In Fbg~lre HU-$8. 

Figur*e 111-48 h e  Dedrer o f  Creedan h t c h  R o l l  

SECTION 14 - ONE DEGREE OF FREEDOM DUTCH ROLL MODE 

A slngle degree of freedom approxlmatlon to the dutch 
roll mode of motlon Is now derived. 

If, a s  stadd above, thls mode canslsts only o! the side- 
elip and yaw degrees of freedom when It Is excited by 
alleran &flwtion, the roll angle, 4 , and it8 derivatlvee whlch leads to the approxlmate Oransfsr function: 
can be set equal to zero In the lateral equatlons (ID-66) 
to arrlve at thle approximation. Further, since only the 
allerons are to be used, SR may also be set equal to 

The relations (111-85) then become: Substltutlng numerical valuee from Table 111-6 
(111-82) ylelds: 

(111-83) - . . -  * 0,615 - 
b,(a) aa  + 0.0957 8 3.55 

riviitlveu, and thkreforu the sum of the rolllng moments, 
must vanlslr. 

When P m -  $ ,  the f i rs t  equation of (111-81) becomen 
- y ,,A. IJ and iu  not ~~i)pllcable to tlro prol,le~rl at hand . 
Tllc alru dcgrt!e of Irccdom q)l~roxl~r~ntlon souh.llt for 
I I t  I i n  I r r l l o ~ r  f (111-1) Dy 
riubstltutlng [j - & I~rlo L l r l ~  t.quiilloo alrd L;tklng tlro 
Iail1~lil(:~ ~ I ' ; L I I ~ . ~ ~ I ' I : I :  Yl[wru 111-40 ehowu 1110 Btd0 plot of (IKI-84), 

111-50 nllowu the anitlo(; corlryuter ecllutlo~l of the 
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Table ID-7 glves the values of [ and W, for both the one 
and three degree of freedom cases. It can be seen that 
these values are very nearly the same. 

one degree of freedom transfer 
ID-4B) and three degree of freedom 

transfer functlon (from Figure 111-44) are plotted . 
greement In phase angle, natural 
Ing; but there i s  a considerable 

As a flnal check, the one and three degree of freedom 
solutions of the equatlons of motton from an analog corn- 
puter are superimposed in Flgure 111-52. This flgure 
shows that there is excellent agreement between the one 
and three degree of freedom solutlons except for the 
amplitudes of the curves, 

In summary, the one degree of freedom solution of the Oomparirron of { and w,, of one and three degree of yawing moment equatlon is a very good appraxlmatton 
Freedm Dutch Roll hlode to the dutch roll mode. The approxlmatlon shows the 

TABLE 111-7 

BECTION 16 - ONE DEGREE OF FREEDOM ROLLING MODE 

one degree of freedom approxlmatlon to the rolllng or, In the K C(s) form: 
odo la now developed. 

(111- 88) -$el . -..AG&l-- 
e the rolling mode conslsts almost entlrely of roll- b , ( t ' )  g A_-, 
motion, the rolllng moment equation wlth the slde- 
angle and the yaw angle set equal to zero Is used 

G.605 9 
e approxlmation. 

Flgure 111-53 Is the Bode plot of (111-88), and Figure 
111-64 i s  the analog computer solutlon of (111-86) for a 
pulse alleron deflectlon. 

ly alleron deflection i s  considered; I. e . ,  6R 0. The magnitude of the roll root as given.by the one degree 
of freedom approxlmatlon Is very close to the exact 

e transfer function for roll angle due to alleron de- value glven In (111-79). 

Flgure In-55 conslsts of F lp re s  HI-53 and HI-45 super- 
Imposed; slmllarly, F l y r e  111-56 conslstsof Figures 

sA(s) s(s-L,) 111-64 and 111-47, Inspection of Flgures 111-55 and 
111-56 shows that there is very good agreement between 

Substltutlng numerical values of thestabllity derhatives the exact rolling mode and the one degree of freedom 
Into (111-86) yields: approxlmatlon. The conclusion that the rolllng mode 

conbists mainly of rolll~rg motion appears to be valld 
(111- 87) b(a) - - ZGL-- for the case under consideration. 

6,(s) R ( Y  + 1.695)  

fWX"ION 16 - APPROXIMATE FACTORS O F  LATERAL TRANSFER FUNCTIONS 

As In the longltudlnal case, the factors of the con~plete The lnteral characterlstic equatlon Is: 
three degree of freedom lateral transfer functions can- 
not, In gcncral, be expressed exactly In terms of the (111-89) ud . s(Aa* t us5 + cs3 1 US + E) - 0 
rtablllty derlvatlves In any usable form. 

S~ncc tlru qtl,ir~tlty I l r  the pareartheses generally f~lCtOrS 
In Ullv scctlon, apl)roxlmutc factors l f  the transfer func- illto ;i ~ ~ I ~ ; I I ~ I * ; I I I C  two first order roots, tile character- 
tlww, L , -' , , 4  .? " and gL and !r, aregre-  istle cqu,rtlorr c.111 ,rho be wrlttelr 2%: 

o,, b N  bl, J ,  ' b A  '< ' n h~ 
'"'-"I :.(, , L) (h + -1) (.a t 2Q,, s + ':a 

An iil~jrwdrr~ttc f.u:torlzirllon of Uro Iiit~!ral ~hi~ritctcr lht  lc t .  <-!'!J L - T I, ---- D , 
7-- L'QU;IIIOII call be d ~ . v e I i j l ) ~ d  111 It10 f0ll0~111g WUY. hlr I 1.,11 Motlt~ Ibll iril: Uotlu Du i ~ l l  Kall Hulo 

111-87 
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Only Qle Degree of Freedom l e  Presented 
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Table 111-6, becomes: 

(111- 102) 
a ( s )  7 .637 (~+0 .000725 )  (s*1.705) ( ~ 1 2 . 5 5 1 )  (s-2. 468) y - - 
~ R ( S )  ( s  - ,001355) ( S  + 1.777) ( s2  + .0912S + 3.525) 

and, in the KG(s) form, becomes: 

(111- 103) 

-101), numerically evaluated for  the flight condition in Figure 111-57 i s  the Bode plot of (111-103). 

SECTION 18 - EFFECT OF SINGLE DIMENSIONAL STABILITY DERIVATIVE VARIATION 

ificance of the results  obtained f rom this type 
~h~ material  contained in section 1 ~ ~ - 8  Figure 111-59 shows the effect of Y which is  generally a 

herefore be read before that presented here . very small number and consequen!ly does not appear in 

Figure 111-60 shows the effect of Y, which, like Y, , i s  
generally a very small number and therefore does not 
appear in the approximate fac tors ,  but it is somewhat 
more susceptible to artificial variation. As Y ,  becomes 
m o r e  negative, the dutch ro l l  natural  frequency in- 
creases  in Y, cause the dutch roll to split into two rea l  
roots, onF! of which is  divergent. 

The effects of changing Lo a re  indicated by the curves in 
Figure 111-61, which contains plots o f : l  , the reciprocal 

approximate f ac to r s  of the lateral  characterist ic 
T R 

of the roll time constant; 1, the reciprocal of the spiral 
tion a re  rewritten below for convenience in refer-  T~ 

t ime constant;  C D ,  the dutch roll  damping ra t io ;  and 
wnLl , the dutcll roll natural frequency, a s  functions of LB . 
It i s  shown by this figure that a s  Lo moves in the neg- 
at ive d i r ec t ion ,L  and 1 both increase ,  but that 5, 

T R T, 
tends to move toward more negative values. It can be 
seen that does not depend upon Lo. " D 

These variations with Lp are  confirmed by examination 
of the relat ions which se t  forth the approximations to  
these parameters ,  (111- 104) through (111- 107). 

1 
(111-104) can be used to  show that the behavior of T ,  a s  

I 

IU-77 
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except for L, . That changes in L have some effect on 
lean be predicted from (JII-104), %ut the effect of vary- 
T 
ir:a L, In this relatlon is  small. 

number of larger absolute value. The ratio of numerator 
to denominator, that i s ,  l /T, ,  then beconies a positive 
number of increasing magnitude a s  L, becomes more 

o m s  less In magnitude; under these conditions, 5, de- 
Teases in value. 

this trend. 

Ule dutch roll  damping. 

only the dutch roll natural frequency and damping ratio 
will be appreciably affected by varlatlons of N, around 
its base balue. F i y r e  111-64 shows that the dutch roll 

As N D  becomes more ~lcl:ntlve, the dutch roll d.\ilq)i~lg 
rolldamping ratio increases a s  L p  becomes more nega- ratio decre:lses tow;lrd ii~st;tbility, ru~d and the dulctl 

roll natural frcqucnc y increase.  Tr 

constarlt, wlllc-, incroascu linearly as movcv in ill t l ~ c  I ' C L ' I I ) ~ O C ~ I ~  af tile sl)irill tlino co~r:,tiult,L . ltc:~1\ 
D 'r a 

I!!- I! 3 
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seen that ID Increases linearly a s  N, becomes more 

SECTION 18 - APPROXIMATE FACTORS EXPRESSED AS FUNCTIONS O F  THE BASIC 
NON-DIMENSIONAL STABILITY DERIVATIVES 

this section, the approxlmate factors of the lateral  (111-110) 
aracterlstlc equatlon a r e  expressed in terms of the 

aslc non-dlmenslonal stability derlvatlves and other 
parameters of the a l r f rame and the flight condltlon. 
The usefulness of approximate factors In thls fo rm Is 
discussed in Section 111-0. 

(111-112) 

(111-108) was shown In Sectlon 111-14 to be, a relatively 
good approxlmatlon to the dutch roll  damplng ra t io .  where: 

Performing the above substltutlons y Ields: u b = L  ar~d T - A  
p6b pSU 

B D 

SECTION 20 - EFFECT OF FLIGHT CONDITION ON THE LATERAL TRANSIENT 
RESPONSE O F  AN AIRPLANE 

In this sectlon, t races  of the solutions of the equatlons roughly constant. Thus, (111-111) and (111-112) can be 
of motion obtairted from an analog computer a r e  pre- used topredic t  that u increases with Mach number 
sented; these records show the effect of flight condition "D 

on the transient response of an airplane. Also Included and that ID ' Is independent Mach 
are some analog computer solutions showing the effects 
of blngle dlmenslolld stability derivative vuiatlon,  The F iWres  111-701 111-73, and 111-74 the eifect 
'stability used in  this analysis theoretical altltude varlatlon at  constant Mach number.  These 
values calculated for a hypoUletlcal high-performance jet graphs lndlcate that the dutch roll  damplng ra t lo  de- 
alrplane of conventlonal cruciform conflpratlon.  c reases  with increatllng altltude and actually becomes 

unstable at  60,000 feet. This effect can be predicted 

Flbwres 111-69, 111-70, 111-71, alld 111-72 sirow the effect from equation (111-112): Since tile density appears tl the 
of Mach numher variittlons at const:ult altitude. Several "Urnerator, ID as the Increases . 
trends a r e  tndlcatcd ill these ])lots. The dutch roll 
naluriIl f rcqucncy  increascs wl t l l  ~~~h llumbcr wtllle Figures  111-75, III-'IO, and 111-77 show the e f fec t  of 
tile dulci~ roll d:~trl[~ing ratlo rcrn;tllrs rouglliy constant. ch:tnyillg N~ ant: i~idlcatu that tho prltlclpnl effect of N 

icasl for L.Y),sonlc ~~~~l~ llu,nbcm, l~,ese trellds 111 Lx?co1111ng 1nu.r. negittlvu Is to Lncreil~otllo dutc l l ru l~ 
,,e,lc:r;r~ly rellllble, &,d C,, :rnd C, can t ~ ,  collsldured I r i i o  Tills r c s l~ l t  checks wltt~ tho conclus lu~~ 

r P drawn 111 Scctlon 111- 10. 

111- a0 
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es III-78, 111-70, and 111-80 show that the maln contalned in thls section 1s to demonstrate that much of 
of increasing N Is to Increase the dutch roll the Information concerning the dynamic response of an 

ural frequency. ~ R i s  result also checks wlth that airplane can be obtalned mathematically only by rather 
nd In Section 1n- 18. lengthy computatlonal methods and that the same in- 

formatlon can be rather rlmply obtalned wlth the aid 
8u-rY, the bask purpom of presenting the moterlol of an analog computer, 
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CHAPTER IV 

DISCUSSION OF STABILITY DERIVATIVES 

the values of some of these derivatives can produce pro- stablllty derivatives, such a s  airframe geometry, Mach . nounced effects on the a i r f rame response to dlsturb- number, and dynamic pressure.  
, ances. 

No attempt is made here to provide a general handbods 
A knowledge ol the values of stability derivatlves i s  for evaluating or  estlmatlng etability derivatives wUh a 

cusses stabllity derivatives in~greater  detall than does a r e  operated in the transonic region and subjected to 

on alrframe response may be acquired. necessary to consult many detalled references, and at  
present Ule services of a competent aerodynarnlcist ore 

The plan for this chapter Is flrst ,  In Section 2, to dls- requlred. 

SECTION 2 - THE DIFFERENT FORMS OF STABILITY DERIVATIVES 

The equations may be dimensional or nori-dlrnenslonal In 
conjunction with different axis systems, and a corre-  -- a L - 

The stability derivatlves used In the design stage of an 
alrframe a r e  usually obtained from various unrelated 

the three common axls sys tems.  It i s  therefore ex- 
tremely Important, when maklng use of these unrelated 
data, to examine the form of tho stablllty derivatives 
glven In each source  and to make the conversion, if 
necessary, to the one consistent form whlch corresponds Examole 4. Non-dlmensiond stability derlvatlve para - 

(a) DIMENSIONAL AND NON-DIMENSIONAL FORMS " 1 )  - P  

- 
little or no dlstinctlo~i In tcrmlnolugy Is miido among moments, :md veloci t l~s ,  wliercas the non-dln1ens101;rI 
tl~crn; all a rc  referred to a s  "stnbility dcrlvatlvcs8~ re -  form (examples 3 and 4 )  is cor icor~~ed wlth torco and 
gardlc:is of ttle particular forni. F'or ptrrposcs of dls- niomeril coc?fficic:tits :u~d with non-dimensional vcloci t t r~  
cuss lo^^ and for clal.Uicatlon, it is cotivcrticnt to Illus- (e. g. , ob/"U is llie non-dinicnslo~iallzcd fornl of tho 
Irate what tlletx four y e ~ ~ c r d  fornis arc as  Ulcy are used rollinl; vclocl l~ ,  :)). It rliay also be seen thut the birtiic 



Chapter IV 
Section 3 

individual derivatives are  given in Appendix IV-1 (Tables 
IV-1 to IV-4). 

the assodaled stability derivatives. For exampl 

wri ters  use L, (or L; ) to represent the stability de- 
rivative parameter ( l / I , ) (aL/ap) .  On the other hand, 
almost everyone uses the same notation for such basic 
non-dimensional stability derivatives a s  c 

Cmq . f r o n ~  theoretical corisiderations is easier with 
system. 

Today only two of the four fo rms  listed above appear 
to be of practical importance; these are  the b a s k  non- 
dimensional stability derlvative (e.  g . ,  

dimensional stability derivative param,ster (e. g . ,  L, ) . 
usually crnploycd a s  the reference system for ob 

The basic non-dimensional form ( is important  derivativ? data in  low speed wind tunnel tests. 
I ,  other ) , a d ,  for hlgh speed wind tunnel tests, s 

because correlation between the performance of different 
airframes or  the same airframe at different flight con- 
ditions Is m9st easily attained with these stability de- 
rivatives; as a result, aerodynamic stability derivative 
data from wlnd tunnel tests, flight tests, and theoretical 
analyses are usually presented in the basic non-dimen.. 
sional form. to the wing chord. Finally, stability derivatives 

from flight tes ts  a r e  usually oriented with re 
The dimensional stability derivative parameter form body axes; Irere the x-axis i s  determined by the 
( L, ) Is important because stability derivatives in this ment alignment in the airplane. 
form can be used directly a s  numerical coefficients in 
the sets of simultaneous differential equations describing 
the dynamics of the a i r f rame,  when the equations are  
based on real time. Thus, stability derivatives In this on "whd tunnel" or on body axes should b 
form a r e  useful in determining the analytic transfer the stability axis system. Whether this 
functions of the airframe and in setting up the mathe- 
matical model of the airframe on an analog computer in 
preparation for synthesis with auto-pilot and controls 
systems. 

stability axis system. As a general rule, howeve 
In this volume, then, most of the discussion dealing with i s  necessary to make su re  that all data are  expre 
the evaluation of stability derivatives makes use of the In the same axis system. 
basic non-dimensional stability derivative form ( c l ,  ) ,  

SECTION 3 - DETAILED ANALaYSIS OF THE BASIC NON-DIMENSIONAL DERIVATIVES 

This section glves a short physical explanation of how moment coefficients, C,, C,, C 1  . 
each stability derivatlve ar ises ,  i ts  importance in the 
overall stabllity and control problem, and a qualitatlve 
es t imate  of des i rab le  values for design p u r p o s e s .  been irnposed upon the scope of this discussion. 

complete analysis would include a detalled dls 
The plan Is to consider each derivative in turn, starting of the effect of airframe configuration, Mach n 
with the longitudinal derivativeu pertaining to the drag,  aeroelasticity, unsteady flow, e t c . ,  upon each 
lift, and pitching moment coefficients, C, , C,, and tive, rather than the general discussion of such 
C, , and then progressing tcr the 1:iteral dcrivatlves re-  whic:l~ appear: 11, Section 4 of this chapter. In a 
lated to the side force ,  yawing moment, and rolling a more c o ~ n p l t ~ t !  ;malysis would include lneans 0 



Chapter IV 
Section 3 

mating values of stability derivatlves for airframe con- Include such derivatives a s  C, , c,; , cn, , and c, . 
flguratior~s hi the preliminary deslgn stage, and flnally a P 

It would supply a means of evaluating tlie probable ac- Although the derlvative Crib Is discussed, no reference 
curacies of these values. Only with a complete know- Is made to the associated derivatlves C and c be- 
ledge of all the variables that affect stability derlvatives i ' b  
could the generalized problem of an optimum airframe- cause little 1s known about them. 
autopilot-controls system be solved. 

In discusslng deslrable values of stabillty derlvatlves , 
Even U suffklent information were available for a com- there a r e  usually three conslderatlons Involved: per-  
plete detailed analysis of the basic non-dimensional formance, stablllty, and control. In selecting values for 
stability derivatives applicable to all airframes operated derlvatlves where these three conslderatlons have mu- 
at any flight condition, the f inal  product, although It tually conflicting requirements, it should be pointed out 
mlght be of great beneflt to the aerodynamlcist, would that In present deslgn practlce performance consldera- 
be lar and detailed to be use t o g  tlons came first ,  followed by contral, and then stablllty . 
concerned with an integrated airframe-autopuot-controls 
system. It i s  hoped, therefore, that the following pages 
succeed in thelr baslc purpose of providing a phyolcal 
"feel1' for stabillty derivatives. This purpose may seem 
modest in the light of the overall problem, but if It Is 
achieved, considerable progress  will have been made 
in broadening the outlook of the various specialists con- 
cerned with thls problcm of optlmization. 

It 1s approprlate at thls polnt to enumerate the speclfic 
Ilmitations in the analys ls  and interpretation of the 
materlal in thls section: 

1. The.derlvatives a r e  discussed with reference to Figure I V - 1  Equilibrium Drat Coefficient 
jet f i ~ h t e r  type alrcraft  l~avlng wings of aspect rat lo C' D - 
less  than 8.0 and operating up to Mach numbers of 
approxlmately 2.0. Some of the statements and COII- Although not referred to a s  a stablllty derlvatlve In the 
cluslons may not be entirely applicable to bomber usual sense ,  the equllibrlum drag coefflclent, C~ 18 

type or  high aspect ra t io  wlng type of alrcraft .  the main contributor t o  the dimenslonal stablllty de- 
rlvatlve parameter x,: the change in fore and aft force 

2 d  otl'erwise with forward velocity, and a minor contributor to the airframe Or to the plus human dimensional stability derlvatlve arameter  %,", the 
pilot- Some of the s ta tements  do not n e c e s s a r l l ~  change In vertical fo rce  with ang e of attack. 
apply to the airframe-plus-autopilot combinations. 

P 
3 .  Unless otherwise mentioned, all statements a r e  In general, any portion of the a l r f rame in contact wlth 
for a11 i,nelastic a i r f rame.  the external airstream contributes to  the airframe drag.  
4 .  Unless otherwise mentioned, all statements a re  The fuselage, engine nacelles,  external  s to res ,  tail 

surfaces ,  and internal englne ducts all contribute rel- 
atlvely small increments in comparlson with the wing 

5. U~i less  otherwise mentioned, all statements a r e  which contributes the major portion of the drag,  ~ s l l e -  
for u~lstalled flight. cially at  hlgh angles of attack o r  hlgh Mach numbers. 

h addition to recognbing these specific limitations upon BY definition, the drag coefficient i s  always measured 
the followhig material, it may be helpful if certain terms along the direction of the relative wind; hence the equi- 
are explained before proceeding with the discussion of librium drag coefficient is measured along the negative 
the st;tbility derivatives themselves. equilibrium x-axis in the stability axis system (Figure 

IV-I)  and IS always positive in sign.  In contrast ,  it 
In certain instances a dlstinction is made between dlrec- should be pointed out that the derivative Xu is at  all 
tional and lateral  modes.  Directional modes Involve times measured along the x-axis and is  always negative 
sideslip and yawing motion only. Lateral modes, used in sign. in this part icular sense ,  involve rolling motlon only.  
However, both directional and lateral modes a r e  Involved 
in the so-called lateral motions used in a general sense AS far a s  the performmce of an airframe is  co~\cer~led- 
to dlsti~ij.pish lhem from longitudinal motions. range, speed, rate of climb, ctc. -the drag coefficie~it 

i s  one of Ulc mtet iml~orta~it p;tr;rliicters. It is apparent, 

Iiefcrence is made to the two c l a s ses  of stability de- then, that a des i rable  value of C ,  i s  one which i s  a s  

rivatlvcs: static and dynamic. The static derlvalives 

:lri;,c ~ ~ I I I I I  t11e !g!jrm,c (vc1u:itics) of ltie alrfranie, and 
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small a s  possible. 

stability and control literature. The 
On the other hand, when airframe dynamics a r e  con- 
sldered, C, i s  the main contributor to the damping of given it, but unt i l  results nr 
the phugoid mode, and the larger the value of the finitive information regarding the imp 
better the damping. However, fllght experience has 
shown that the damping of the phugoid is of little im- longitudinai dynamics will not be available, 
portance in determlnlng satlsfactory flylng qualities of an 
airframe as far as the pilot i s  concerned. Clearly then, 
performance requiremznts rather than flying qualities Wind before 
should dictate the design value of C,. disturbance 

Figure IV-3 Drag Coefficient Change Due 
aCn - ( I  ? ( D ~ . n g l  Variation in Angle of Attack CU":Y -z-= a " 

C,a - 
Figurc IV-2 DraA.Coefficient Change Due to The stability derivative c,~ i s  the change in drag 

varintion in Forward Velocity cient with varying angle of attack. When the 

C," 
attack of an airframe increases from the equ - condition, the total drag will increase; hence 

The stability derivative CDu i s  the change in drag coeff i- 

cient'with varying forward velocity, the angle of attack 

mathematically us (u/2) (ac,/au), a term which appears 

a part, i s  measured along the x-axis. 

cDu can ar ise  from two sources: Mach number effects 
The derivative Cp i s  usually unimportant in a 

the latter of these i s  zero or very small and can be neg- 
lected. C arising from Mach number effects i s  very 

U u  

Mach number of an airframe (. 8<M<1.0),  where a large 
increase in drag occurs.  

The effect of a positive value of CDu on longitudinal dy- 

narnlcs i s  an increase  in the damping of the phugoid 
modo. However, a s  pointed out under the dlscusslon 
of C,,  this dampine is  believed to be of little importance 
a s  far  a s  satlsfactory flying qualities of an a l r f rame 
a r e  concorned. From a performance viewpoint, the 
smallest posviblo value of c i s  desirable because of - ," 
the low r i se  in drag nssociated with It. 

Untll tho relativoly recont advent of high Mach number 

. . 5 !J - (, x w  - .y,; 1 ,I. * o a j  
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C 

The stability derivative cLa Is the change In lUt coeffl- 

In practice. 
known a s  the "lift curve slope. I* When the angle of attack 
of the airframe i s  Increased, the lift force wUl Increase 

C ~ i  more or less linearly untll the wing stalls. The deriva- - 
tive CLa is therefore always positive in sign at angles 

of attack below the stall. It should be pointed out that 
the aerodynamic lift force by convention i s  always 
measured perpendicular to the relative whd (flight path). 

the wlng, the fuselage, and the horizontal tail. Ordi- 
narlly the wing accounts for about 80% to 00% of the total ,tplungingt type af motion along the z-axis, in wh 
c , ~ ,  although the wlng contrlbutlon b ~ ! ~ ~ m e s  less Lf the angle of pitch, 6, remains zero durlng the distur 
s h e  of the fuselage is large tn comparison wlth the s h e  
of the wing. The derivative CLb arises  essentially from two 

pendent sources: an aerodynamic tlme lag effec 

dynamlc conslderatlons. 

In the equillbrhm flight condition, a hlgh value of CL, i s  

desirable because, for a given angle of attack, the alr- pending on the nature of the aeroelastlc effects. 

frame with the higher value of CLa will usually have 

a lower drag, and therefore better performance. C, i s  

As far as  dynarnlc stablllty 1s concerned, thls derlvatlve wing must accelerate the alr mass in its path as it 
makes an Important contributlon to the damping of the celerates (apparent mass effect). 
longitudinal short perlod mode for all a l rcraf t  and 
especially for tallless a lrcraf t  because in this case Slnce the type of motion under cmsideration 1s an 
almost all the damplng of the short perlod mode Comes celeratton (1), cLh can also ar ise  from aeroela 
from c , .  

&a effects such a s  wing twlstlng due to the dead we 

welght of the aft fuselage and empennage sectlon, 
of whlch change the effective angle of attack of the h 
zontal tau.  

The derivative CLA 1s usually unimportant in longitud 

dynamics, The effect of C,; on longitudinal dynamlc 
D l s t u ~  b u ~ c c  

dynamlc analysls.  

F r d u r a  I Y - 7  L J  I t  C o e / / r  cr ent  Chnr~dr Due t o  
Y ~ r r r a t r o n  rn  R a t e  O I  Chctnge O I  Artgle o f  Arrdck 
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Figure ZV-8 L i f t  C o e f f i c i e n t  Chengo hro t o  
Ver ia t ion  i n  Pi tching V e l o c ~ t y  

In past experience, the effect of CLa on longitudinal ata- 

Mach number flight, the magnltude of CLg may be In- 

creased considerably and it i s  nat certaln that it can be 

butlon la positive. neglected. 
C,6, 

There i s  also a contrlbution to C, because of varlous - 
0 

"dead weightq' aeroelastlc effects. Slnce the alrframe Is The stability derlvatlve C, is the change in lift coeffi- 
moving in a curved fllght path due to Its pltchlng, a 
centrifugal force 1s developed on all the components of clent with changes in elevator deflection* When the 
the airframe. This force can cause the wing to twist elevator i s  deflected upward a negative increment In 
as a result of the dead weight moment of overhanging lift on the horizontal tail results; hence the derlvatlve 
nacelles, and can cause the horllontal tall argle of attack C ~ , B  18 normally negative in sign. 
to change a s  a result of fuselage bending due to the 
welght of the tail section, On conventional aircraft with the horizontal tail mounted 

at an appreciable distance aft of the center of gravlty, 
In low speed flight, C, comes mostly from the effect 

a  CL,, Is usuPlly very small and Its effect 1s unimportant; 
the curved 'light path On the tat' and however on tallless aircraft,  CL Is 

slgn i s  positive. In high speed flight the slgn of cLa can 6 B 
large, and cannot be neglected. 

be posltlve or negatlve, dependlng on the nature of the 
aeroelastic effects. ( A e r o d y n ~ l l c )  

m 

TAT c , . l . - - - -  
qsc qsc 

f i d u r e  ZV-10 Aerodynnrnlc Pi tching Yomen# C o e f f i -  
clcrrt ~ n  E q u l l l b r ~ u m  P l l p l ~ t  

F ~ d u r e  I V - 9  L ~ f t  C o o f f ~ c ~ e r ~ t  Ch.lnde Due t o  C, lu the aerotly~~nniic ~~llcliit~(: inolnct~t co~~fficlc~111 :lbout 
V o r ~ a t r f i r ~  an E l rvn tor  Da f lsc t ron  tho c . ~ .  rcqu~rctl to b.1l.11lcc- tlrc ino~i \~ '~ i t  c~)t>Il~ciclrt titlc 

to thrust wl1o11 1.1c dll.ll alllo IS 111 the e q ~ ~ i l ~ b r i i ~ ~ l ~  fl~.:lrl 
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condition. It i s  not usually r e fe r red  to a s  a stability f r a m e ' s  geometry and i t s  elastic Properties, 
derivative although it appears In the dimensional stability Mach number and dynamic' Pressure at which It 1s 
derivative M;. This derlvative can arise from three sources: th 

power effects, Mach number effects, and aero 

It will be shown later that the thrust moment coefficient effects. 

i s  given by CmT-Tz,/qSc where T i s  the thrust and z, i s  
In the pas t ,  the l i tera ture  has  t rea ted Cmy only 

coefficient (which would come mostly from a tr lm ele- 
vator deflection) must be the s a m e  magnitude but of 
opposite sign: 

On the other hand, the contributions to CmU due t 

The importance of the derivative C,,, in alrframe 

equillbrlum value of C. i s  not necessari ly zero .  and at most, very values of cm are should be included in dynamic longitudinal stability 

The importance of C, in alrframe dynamics has not been 
definitely established. It principally affects the longi- 
tudinal phugoid mode where positive values of C, will 
tend to decrease  the perlod of the osclllatlon. 

Figure I V - 1 2  P i tch ing  Moment Coef f ic ient  Ch 
Due t o  V a r i a t i o n  i n  Angle o f  Attack 

Figure J V - J J  P i tch ing  Moment Chande Due t o  
t o  v a r i a t i o n  i n  Forward Ve loc i ty  moment coefficient with varylng angle of 

commonly referred to a s  the longitudinal s 

The stability derivative CmU i s  the change In pitching 

is  defined a s  l W 2 )  ( a ~ , / a U ) .  to  the center of gravity. These contributions t 

can change, depending upon such factors  a s  the a i r -  
The magnitude and sign of t l~o  total Cma lor a partl 
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lo~~glludinal stability and control. The aerodynamic cnlc , where the relation 1s: ern - cmc c 
cenler of the airframe is the fore and aft location along L U I. 

the all.frnme where the increment of IUt due to a change It should be pointed out that Cm in the above expression 
C l .  I n  Of a t tack acts.  If the center Of i s  actually a partial derivative for which the forward 

gravlty is ahead of the aerodynamic center, the value of speed remains conetant, 
C, is negative, and the airframe i s  said to possess 

static l~ngltudln~d stability. Conversely, if the center 

to a s  C,,, , the change in pitching moment coefficient 

response of the airframe to elevator motions and to the angle of pitch, (I I remains during the 

gusts. In general, a large negative value of Cmn (1. e. , turbance. 

large static stability) is desirable for good flying quall- The derivative C,; arises  essentially from two inde- 

ties. However, if c is too large, the required ele- pendent sources: an aerodynamic time lag effect and 
various "dead weight" aeroe1:istic effects. For low 

effectiveness for satisfactory control may become speed flight c.; will come nlostly from t L  aerodylrmic 
unreasonably high. A compromise is thus necessary in 
selecting a deslgn range for C, . lag effect and its sign will be negative. For high ypeed 

D flight the sign of C,. can be positive or negative, de- 

Design values of static stability are usually expressed pe1Iding On the nattre of the nerOelastic effects. 
not in t e r m  of C, , but rather in terms of the derivative 

a The horlzor~tal tail of a co~~ventional a ircrdt  i s  mounted 
some d~stance aft of the wlng and i s  immersed in the 
downwash field of the wing. Whenever the wing under- 
goes a cllange in angle of attack, the downwash f~eld 1s 

D~sLu~'biulco altered, and slnce it takes a finite length of time before 
this downwash alteration arrives at the tail, the result- 
ing lift on the tail, and consequently the resultlog pltch- 
ing moment on the airframe, lags the motion and creates 
the derivative Cm. . Even for tailless aircraft  there 

Wind Aftcr 

celerates (apparent mass effect). 

Since the type of motion under consideration is an ac- 
celeration (w) , C,; can also a r i se  from aeroelastic 

F igure  I v - 1 3  p l t ch lng  Yoltent Coefficient Change effects such  as wing twisting due the dead weight 
to  V a r i a t i o n  I n  Rate of  Change o f  Angle o f  At tack moment cawed by the projection of the nacelles in front 

Fldure I V - l d  P l tchlnd Yo~l~ont C o c / / ~ c r t . r ~ t  I ' r r  t o  
V o r i a l ~ o n  i n  P l t c l ~ l r ~ f i  Vo loc l  t y  
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of the w~II[:, and bcntiinl; of the fuselage caused by the 
dead wcl[;llt of thc aft  fuselage and empennage sectlon. 
This twl:;Ling and bending changes the effective angle of 
nttack of the horizontul tail.  

The derivative C,; i s  quite Important In longltudlnal 

dynamlcs because It Is involved in the damping of the 
short period mode. A negative value of Cm; Increases 
the daniping 6f thls mode; consequently, hlgh negative ac. - 1 ah! 
values of thls derivative a r e  desirable. C ~ 8 ,  ' xi - qSc 3; 

cmg - 

The stabillty derivative (&a Is the change In pitching Piaure IV-15 Pi tching Moltlent C o e f f i c i e n t  Chrcn; 
Dtre t o  Varia t ion irl Clcvntor  Deflcctjon 

moment coefficlen! with varying pitch velocity and Is 
commonly referred to a s  the pltch damplng derlvative . '"1 - 
As the airframe pitches about its center of gravlty path, 

The stability derlvative cmIE i s  the change in plt 

contribution to the derlvatlve CmP . 

"dead welghtl' aeroelastic effects. SLnce the alrframe is  tlve C m 6  is normally positive in sign, movlng in a curved fllght path due to i t s  pltchlng, a E 
centrifugal force i s  developed on all  the components 
of the alrframe. The force can cause the wlng to hvlrct 
a s  a result  of the dead welght moment of overhanging 
nacel les ,  and can cause  the horlzontal tail angle of 
attack to  change a s  a result  of fuselage bending due to 
the weight of the tall sectlon, about the three axes, and so  the elevator control 

tlveness, c is of great importance in airframe d 
" S E  

In low speed fllght, Cma comes mostly from the effect 

sign Is negative. In high speed fllght the $ign of Cm, can the anticipated fore and aft center of gravity trav 
be posltive or negative, dependlng on ;he nature of the 
aeroelastic effects. 

dynamics because It contrlbutes a major portion of the in many cases of the pra 
damplng of the short perlod mode lor conventlonal alr-  c m B E  determines the allowable center of gravity r 
craft. As pointed out, thls damping effect comes mostly 
from the horlzontal tai l .  Fo r  ta i l less  a i r c ra f t ,  the 
mapitude of c m q  Is consequelltly small; thls is the main 

stated in general, for each d e s i p  case must be an 
reason for the usually poor damping of thls type of con- separately. 
f lyratlon.  C,,, Is also Involved to a certain extent irl the 

CyP damping of the phugoid mode. In almost all cases,  high 
negatlve values of c," a r e  desirable. 

parumcter e x c e ~ ~ t  perhaps In, tailless a l rcraf t  configu- 
rations. 111 the ll(:ht of the prcscnt dcslgn trend toward 
lar(:cr r:ldll of g y r ; l t l o ~ ~  111 pitch wid I~ighcr  altltudo 
flll:ht, It it; believed tlr:~t consitlcr;ition of c,, i s  rrcccs- 

U 

:;dry In (Ire prc1lrnlrr;u-y dc:,l[:rr s l ;~go .  

' 1 1  o r  o t  f 1 u:,u:~lly colrrt\.-; f ~ M n r  t b  
y il 
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forcc dcvclopcd on Lhc ln11, :uitl thls force glvcs tll" 
main contril)utlo~~ to the derivative Cy r'lhlch wlll be 

r '  

positlve and quite smnll. 

cyr Is of little Importa~lce In lateral dynamics; con- 

sequcntly, It Is common ~ ~ r a c t i c e  to neglect thls de- 
rlvatlve 111 lateral cnlculntiol~s. 

Fl~ure ZV-16 Side Force Coefficient Change Due 
to Variation in Sidcslip Angle 

tlcal tail, with smaller contrlbutlons from the fuselage 
and wlng. It Is always negative In slbm for practical alr- 
frame conflguratlons. 

namlcs. Because It contrlbutcs to the damping of the 
Dutch r d  mode, a large negiltlve value of thls derlvative Figure ZV-18 S i d e  force Coefficient Change Due 

would alpcar dcslrabllc; however, a large negative value to Vsrintioo in Rolling Velocity 

of cyp may create an undesirable lag cffect in the alr- 

plane's response when an attempt Is mndc to hold Lhe 
C ~ "  - 

wings level in rough air, or to pcrform alleron maneu- The stablllty derlvatlve c, P 1s the change In side force 

coefficient wlth variation in rolllng velocity. It ar lses  
mainly from the vcrtlcal tall, altl~ough for some alr-  

Usud'ylC~p Is not taken as an Important parameter I n  frame conflguratlons there Is also an appreciable con- 
the prellmlnary design of an a i r f rame.  Cy0 comes trlbution from the wing. h side force I s  produced on 

the vertlcal tall when the alrframe has a rolling velocity, 
mostly from the vertlcal tall, ,and the design oi the ver- ,,, about the x-axls, if the vertical tail is located elther 
tical t d l  1s dlctated prlmarlly by the dlrectio~ial stabil- above or below the x-axis; thls Is caused by the effective 
Ity (c.~) requirements. However, reco~~slderailon of angle of attack on the tail, due to u . The slgn of C,p can 

thc Importance of c may be necessary if some types be poslt lve or negative, depending on the vertlcal tall 
'9 geometry, the sidewash from the wing, and the equillb- 

of autopilots a r e  to be installed in the alrframe. rlum angle of attack of the airframe. 

Since cJ ts of very llttle lmportar~ce In lateral dynam- 
D 

Ics, I t  Is common practice to ncglcct thls derlvatlve In 
lateral dynamlc calculations. 

f idurc IV- 17 Side Force Cocfficicnt ~hrrngc otre 
to Vorintion in Yn~vind Velocity 

c ;x,.-1. au- 
'ili[! :;t:~l)lllty d(!rIv:\livc CY IS 1 1 1 ~  ~!~I:III{:I! 111 :ildc: force 6,, asll qS 351, 

c I V :  I w 1 : l y .  :iirlcc l l ~ c  
vi:i.ll(!;tl 1:iII 1:3 I ~ I O ~ I I I L I . ~ ~  ;I! : I (OI~I I .  Oi:il:i~(.(- I ~ c t l \ l s ~ t l  ( 1 1 ~ :  ; ~ l r -  
i!.;tii11:'!, (:(:lltcr 0 f  ( ( I . ; I v I L Y ,  W I L C , I I ( ' V S . I .  ill(. ; l I 1 ~ ~ 1 ~ ; 1 1 1 1 1 ~  1s F i p p ~ r c  1 V . 1 9  T;,/,* J ' < > t ‘ . < ,  ~ ' ~ t ~ ~ [ f i , ~ i t ~ r ~ t  C ~ I . I { I , : I '  ~ ~ I I C '  

~ I J ! : I~~I I [ :  :it ;. Y ~ I W  vf:i(~f;Ily, I ,  , i11,~:~t: i!; ; I I I  ~:l 'i~v,tiv(- :il(l~! t o  V,), ; . <  I , , I I  1 1 1  h't~(/</t*r 1 ) ~ - f  li.%.t ICI I I  
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moment coefflcler~t wit11 vnrl:~tiorl 111 s ldesl lp angle. 

'I'he s t :~l~i l i ty  dcrlv;~t lve C, Is the change in s ide force 

coefliclcr~t wltll varllctlon i1;rudder deflcction. Accord- 
In[: t o  the :;Igrl cor~ventlorl adopted in t h i s  volume, a f rame obliquely, c rea t lng  a y;~win(: momc.~lt, N , 
posltlve rudder  deflect lo~l  gives n positive s i de  f o r c e ,  the center  of gravity. The rn;ljor portion of C, ,B  c 
Ircnce the derlv:~t lve l:,,,,, Is positive in sign. 

f r o m  the vert ical  ta i l ,  wlllcll s tabi l izes the body o 
a i r f r ame  just a s  the tail  f c ~ i t l ~ c r . ~  of an arrow stabil 

cor i t ro l .  F o r  t h l s  r e a s o n  I t  Is usual ly neglec ted  In 
Ia1cr;tl dynamic analyses.  However, when the instal-  
liltioll of autol,llot ls c, should not be statlc directional instability. There ls also a con 

11 tion to c n p  from the wing, the value of which is u 
neglected in the deslbm analyses because i ts  Influence on positive but very snlall compared to Ule M y  and verti 
tllc! conlbined alrfrarrle plus autopilot sys tem stablllty tail cor~tr lbut ions.  
m,iy not be negllglble. 

and frec-fligllt  wind tu111rel model t e s t s  agree that 

F i g i t r e  I V - 2 0  S i d e  Force  C o e f f i c i e n t  C h o n ~ e  Due 
t o  V a r i a t i o n  i n  A i l e r o n  D e f l e c t i o n  

Istics, C, Is considered to be an importar~t prelim1 
i' 

- desi(:r~ paramcter .  To take lrlto account airframe 
stability derivative i',,A Is the ch;Inge In side figurations with very high wir~g l o a d l ~ ~ g s  and very 

c oe f f l c l e r~ t  w lth a l l e r o n  de f l e c t i o l~ .  F o r  m o s t  con- 
ven t l o l~a l  a l r f r a m e  corlf lgurat lons,  the magnitude of c , , ~  for any piloted a i rc ra f t :  
this  derivative is z e r o ;  however, for  cer ta in  a l r c r a f t  
with hi1:hly swept wlngs of low aspect ratio, a value for  
thls  de r i v i~ t i vc  other  than z e r o  nlay ex is t .  

The e f f ec t  c Y h A  on l a t e r a l  s tabi l i ty  and control  Is not According to present dcsiKrl t r . c r , d , , ~  this formula app 
~ I I O W I I ,  but It is helleved to be n e ~ l i g i b l y  sma l l .  to  be qui te  app rop r i a t e  for  a i r f r a m e  plus the hu 

a i r f r a n l e  with a relat ively smnl l  vert1c:al tail an 
achieve sat isf ;~ctory fly 111g qualities by a r t  ~ficlally 

c,i ac~, . 1- 3~ 
~1 qst1 a0 

F i g u r e  I V - 2 1  Yrtwir~g Yorr~ent C o e f f i c i e n t  Chanee 
Due t o  S l c l e s l l p  

'I'ht: ht.rl~lllty der iva t ive  c,, i s  ttlc ch:llrge 111 ynwlrlg Althorll:l~ a de~.~..dLlvc: (: i s  ~ I I ~ W I I  tu cxlsl,  very I 
P "ij 
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The contrlbutlon from the vertlcal  tall 1s by far  the 
Wind Aftc!r largest, usually amo\rntlng to about 80% or 90% of the 

total cnr 01 the alrframe. 

The derlvatlve Cnr 1s very important In lateral dynamlcs 

because I t  1s the maln contributor to the damptng of the 
h t c h  roll oscillatory mode. It also 1s Important to the 
splral mode. For each mode, large negatlve values of 
C n r  a r e  deslred. 

Dist~rrbancc 

F i a u r e  1V-22 Yawing Nomcnt C o e f f i c i e n t  Change 
lhre t o  V a r i a t i o n  in Rate o f  Change o f  S i d e s l i p  

can be stated about Its magnltude o r  algebraic slgn be- 
cause of the wlde vartatlons In oplnlon and In lnterpre- 
tatlon ~f experimental data concernlng i t .  For  most 
alrframe conflguratlons, Cn;, 1s apparently of rather 

finial1 magnltude and can probably be neglected In lateral 
dynamlc calculatlons. For some conflguratlons, how- 
ever, C, , i  may be of the same order of magnltude a s  F igure  I V - 2 3  Yawing Moment C o e f f i c i e n t  Change 

Due t o  V a r i a t i o n  i n  Yawin& Ve loc i ty  
C, and, of course, should not be neglected. The dllfl- 

In the past, C n r  was not consldered an important deslgn 
culty Is that there a r e  lnsufflclent data at  present to 
indicate for which config4ratlons Crib may or  may not p u m e t e r  because a vertical tau which produced 

a reasonable value of statlc dlrectlonal stablllty (Cnp) was 
be of Importance. 

almost certaln to glve adequate Butch roll damplng . 
The derlvatlve c,, must be dlstlngulshed from the de- Today, however, because of deslgn trends toward hlgher 

B wlng loadlngs and hlgher radll  of gyratlons In yaw In 
rlvatlve C,, . All stablllty derlvatlves a r e  partlal de- conjunction with high altitude fllght, It Is apparent that 
rivativeu; that is, they are taken wlth respect to one lnde- the vertical tall alone cannot provide sufficient C,, for 
pendent varlable at a tlme, the res t  of the lndependent 
variables remalnlng fixed. Thus, C a f l ses  from a " B  

the damping of the Dutch roll mode. 

translent motlon In whlch the sldeslip angle 1s Increas- For  present airframes. without autopllots, C, must lng wlth tlme but the rate of yaw remains zero, whereas r 

c n r  arises from a motion where yaw angle i s  increasing therefore be considered of malor importance In Pre- 
llmlnary design. Adequate Dutch roll damping can be 

wlth tlme but the change In sldeslip angle remalns ze ro .  obtalned by effectively adding to the derivatlve C, , 
Durlng the Dutch ,roll osclllatlon of an a l r f rame and r 

durlng yaw osclllatlon tests on wind tunnel models, the 
yaw angle and the sideslip angle a re  both changing; con- 
sequently both Cni, and CB, a re  Involved In these mo- 

When Cng'cannot be neglected for a partlcular conflgura- 

tion, Its effect on lateral dynamlcs wlll appear matnly 

The stablllty derlvatlve cn r  Is the change in yawhg 

moment coelflclent wlth chruye of yawlng veloclty. It 1s 
kriowri a s  the yaw damping derlvatlve. When the a i r  - Figure I V - 2 4  Yawing Moment Coe f f i c ien t  Chande 

f r a m e  1s yawlng at  an angular veloclty r ,  a ynwlng Due t o  V a r i a t i o n  in  Ro l l ing  Ve loc i ty  

nlonic~rt Is produced which opposcs tliu rotntlon. C,, Is 
C" 

P - 
rnadc up of contrlbutlons f rom the wlng, the fuselage , The 'lerivatlve CI, 1s the change in yawlr% 

Y 
and thc vertical tall, all of whlcli are  liegatlvc In s l g ~ .  momont cocff r c ~ c o t  wlth vary iag roll l~iy veloc lty. It 

1v-1s 
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ar lses  from two mat11 smrces:  Ule wlng and the vertlcal 
tail.  A negntlve yawing moment Is developed on the alr- 
f r a p ~ e  because of the unsymmetrical l l f t  dlstrlbution 
causl~lg a dlfference between the d r a ~  on the right wing 
and that on the left wlng when the airframe Is rolllng. 
The colitributlon f rom the vert ical  tail can be ei ther 
poslt lve o r  negatlve dependlng on the ve r t i ca l  tal l  
geometry, the sldewash from the wing, and the equilib- 
r ium angle of attack of the alrframe. 

The derivatlve,cnp Is falrly Important In lateral dynam- 

ics because of Its lniluence on Dutch roll damping. It 
Is usually negatlve In slgn, and for most alrframe con- 
flguratlons, the larger Its negatlve value, the greater 
the reduction In Dutch roll damping. Therefore, posl- 
tive values of c,, are  to be deslred. For the alrframe 

alone, cnD Is not generally considered to be an im- 

portant preliminary deslgn parameter;  however, If an 
autopilot i s  installed to crea te  effective c, , this  de- 

D 

rlvative may become quite lmportant in lateral dynam- 
ics. 

F i g u r e  I Y - 2 5  Yawing Moment C o e f f i c i e n t  Chnnge 
Ihre t o  Y a r i / ~ t i o n  i n  Rudder D e f l e f t i o n  

The stablllty derivatlve C n 8  i s  the change In yawing 
R 

moment coefficient wlth varlatlon In rudder deflection. 
Thls derivative i s  commonly referred to a s  the rudder 
effectiveness (or rudder power). When the rudder i s  
deflected positively, that Is, to the left, a negative 
yawlng moment Is created  on the airplane;  hence the 
derlvatlve on Is negatlve. 

n 

The  impor tance  of c n b R  in determining l a t e ra l  and 

dlrectlonal control quallties varles considerably wlth 
dlfferent types of a i r f rames .  

The design value of c, for a jet-powered a l r f rame 
An 

Is usually determilied by considering such requlrements 
a s  counteracting adverse  YiIw in rolling maneuvers ,  
directional control In crosvwind take-offs and landings, 
antisy~nmctric power, and spin recovery control. An 
additiot~al factor which call be influe11tial In establlsh- 
i11g a dcslgn value for c,,& Is l~itroduced when an auto- 

H 

The stability derivative c,, Is the change In yawl 
A 

moment coefflclent wlth change of alleron deflectlc 
Thls derlvatlve a r i se s  from the dlfference in drag d 
t o  the down aileron compared t o  the drag of the 
a l leron.  The sign of* c n g A  depends mainly upon 1 

rigging of the ai lerons and the angle of attack of 1 
alrframe. If negatlve, a s  it usually is, C,, A 1s call 
the "adverse yaw coefflclent due to alleronstl because 
c a u s e s  the a i r f r a m e  to yaw Initially In a direct1 

yaw In the turnlng maneuver. 

The derivatlve c,, a Is quite Important in deterrnlnl 

the lateral control iuali t les of an alrframe. For go 
response to aileron deflection, C,, should be zero or 

A 

a very small posltlve value. 

Wlnd Aftcr 
Disturbance 

F i g u r e  $Y-27  R o l l i n d  Moment C o e f f i c i e n t  Chanp~ 
Due t o  V a r i a t i o n  i n  S i d e s l i p  

The stability derivative c," Is the change In ralll 

moment coefflclent with variation In sidesllp angle r 
Is usually r e fe r red  to a s  the "effective dlhedral d 
r lva t lve ."  When the a l r f r a m e  s ldes l lps ,  a roll1 
moment i s  developed because of the dlhedral effoct 

pilot operate8 through the rudder. 
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I the rclaiire ma~nitudes of the contributions to c i a  f rom 

the vertical tail and from the wlng since these conrtribu- 1 tlons vary conalderably from airframe to airframe and 
for  different angles of at tack of the same  a i r f r a m e .  
ciP is nea r ly  always negatlve In sign,  slgnlfying a 
negative rolling moment for a posltlve sldeslip. 

Some canfusion In nomenclature may arise here because 
a pllot often speaks  of an airplane having "posltlve 
dihedral effect" U the right wlng tends to  r i se  (negative 
rolllng moment) when the alrplane Is side-slipped to the 
right (posltive sldesllp), A "posltive dl hedral effect" 
lmplles that the derivatlve C l g  i s  negatlve. In the de- 

sign stage, the value of cr/, for a particular airframe 

can be adjusted at wlll withln a large range by merely 
changlng the amount of built- In wing dihedral. 

The derivatlve C i g  i s  very lmportant In lateral stablltty 

and control, and It is therefore usually considered In the 
prelimlnary design of an a i r f rame.  It Is lnvolved In 
damping both the Dutch roll mode and the splral m u t e .  
It Is a lso  lnvolved In the maneuverlng characterlst ics 
of an airframe, especially with regard to lateral control 
with the rudder alone, near stal l .  

To improve the Dutch roll damplng characterlst lcs of 
an airframe, small negatlve values of c are  desired,  

I B  
but to improve the splral stability, large negative values 
a r e  dcs l red .  Since at least  some "posltive, dihedral 
effect" I s  considered necessary for good maneuverin 
qualitles, the design value of c , ,  must be more or  les! 

of a compromise between the statlc lateral requlrement 
of tlpositive dihedral effectr1 and the dy~lanlic lateral re-  
quirements of satisfying butch roll damping and spiral  
stability. Most of the references concerned wlth full 
sca le  and model flight tests  agree that the best flylng 
quali t ies a r e  obtained when the effective dihedral i s  
kept ra ther  small .  

The compromise ln C l p  mentloned above may be neces- 

s a r y  only when considering the a i r f rame plus human 
pllot cornbinatlon. For an a i r f rame with an autopilot 
Installation, the selection of a design C l g  for the a i r -  

frame alone will probably be l e s s  cri t ical .  

The stabllity derivative c l r  i s  the change in roUlng 

moment coefficient with change In yawlng velocity. If 
the alrframe Is yawlng a t  the ra te  r about the vertical 
axis, the left wlng panel will move faster tlian the rlght , 
producing more lUt on the left panel and consequently a 
positive rolllng moment. In addition to this major wing 
contribution, the vertical tail wlll also contribute to C  

if it i s  located either above o r  below the x-axis. Its 
contribution can therefore be positive o r  negatlve, de- 
pendlng upon the vertlcal tall geometry and the equllib- 
r ium angle of attack of the airfranle. The sign of C ,  Is 

usually posit lve. 

The derlvative c IS of secondary importance I11 lateral 

dynamics,  but, i t  should not be neglected In la tera l  
dynamic calculatlons. For  a conventional a i r f rame 
configuration, changes In c I r  of reasonable magnitude 

show only sllght effect on the Dutch roll damplng char- 
acterlst lcs.  In the spi ra l  mode, however, c l  has a 

considerable effect .  For stablllty In this mode, It i s  
desirable that the positive value of C l  be a s  small a s  

possible. C I  , i s  not usually considered a s  a prelirnlnary 

design parameter .  

Figure IY-29 Roll ing Moment Coefficrent Cl~arr&e 

C ,  Due to Variation in Rolling Yelocity 
- 6  - 

The stability derivative Ci, 1s the change in 1.1 lling 
moment coefficient with change in rolling velorii. dnd 
is  usually known a s  the roll darnpirig dcriv:itive. \$'hen 
the a l r f rame ro l l s  at an angular velocity I )  a ~*ull ing 
moment i s  produced a s  a result  of tlils velocity; tliis 
moment opposes the rotation. c l  ,, is conlposed of con- 

t r ibut ions ,  negatlve in slgn,  from the wing and the 
horizontal and ver t ica l  ta i l s .  Howevela, unless tlie 
slze of the tai ls  i s  unusually large in co~i~p;ir ison wlth 
the size of the wing, the major portion of the totill C 1  
comes from tlic wing. 

P 

The derivative ell, is quite ilnportalt 111 I;~tcrnl dynanl- 
ICS hc:iuse csse~rti:illy C 1 "  alo~~c! t ic~tcrn~i~lfs  Illel d.illlp- 
ing in roll c1iar;icteristics of tlic ;rlrcl.:ift. Noi~~~i ; i l Iy ,  
It i1l)lIc:lr'S tl1;11 s ~ i i ; ~ l l  nt.g;llivc v:iluc!s of C , , ,  a r c  niore 

L' 

desiritbls tliir,) la rge  orics bcci~usc  tllc iilrlr;1111u ~ 1 1 1  
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respond bet ter  to  a given ai leron input and will suffer  
fewer flight perturbat ions due to  gus t  Inputs. 

'rlle dcr ivn t tvc  ell, Is not usua l ly  cons idered  a p r e -  

1lrniri;lry design Ixirameter .  I t s  value Is more  o r  l e s s  
givcbr~ by the wil lg 'piar~form g e o m e t r y  which i s  d e t e r -  
n ~ i n c d  by o ther  m o r e  Important design c r i t e r i a .  The c = &  
value of c ,  does dlrectly affect the design of the ai ler-  ' & A  2 6 ~  uSb 3 6 ~  

1) 

o n s ,  however, s h c e  c 1  ln conjunction with C estab- 
Y I b A  

llslics the a i r f rame ' s  niaximum available rolling veloc- 
i ty ;  t h i s  is an l m p o r t a n t  c r i t e r i o n  of  f lying qual i ty  . 

Figure IV-31 Rolling Moment Coefficient Change 
Due to Variation in Aileron Deflectim 

It Is commonly re fe r red  to  a s  the al leron effectiveness 
( o r  a l l e ron  power) .  According t o  the definitlon used 
In thls volume, left aileron down i s  a positive deflection, 
T h i s  p roduces  a rol l ing moment  t o  the  r igh t  which i s  

Fljiure I V-30 Rolling Moment Coefficient Change posl t ive;  C 1  i s  the re fore  posl t lve.  
Due to Variation in Rudder Deflection s~ 

(: 

I h l l  - As f a r  a s  la teral  dynamics a r e  concerned, the derivative 
CI ,  A i s  the mos t  important  of the con t ro l  s u r f a c e  de- 

?'he s tabi l i ty  der iva t ive  C l  Is the change in rol l lng 
n r 1 va t lves .  The  a i l e r o n  e f fec t iveness  in conjunctlon 

m o n ~ e n t  coel'f icient with viiriatlon In rudder  deflection . with the damping in roll  (Cl,)  establ ishes the maxlmum 
Because the rudder i s  usually located above the x - a x i s ,  
a positive rudder deflection will c rea te  a positive rolling available rate Of an which I s  a very 

m o ~ l i e ~ ~ t .  ( : r  i s  t h e r e f o r e  usual ly posi t ive In s ign ;  Important  cons idera t ion  in f lgh te r  c o m b a t  t a c t l c s  at 
IL high speed. The aileron effectiveness i s  a l s o  very im- 

however, it ciui be negative, depending on the particular portant in low speed flight during t a k e - ~ f f s  and landinge 
; i i r f r ; ~ ~ n e  ronfihwratio~i and the angle of attack at  which where lateral control is necessary to counter- 
it 1:; f ly l~ ig .  a c t  a s y m m e t r i c  g u s t s  t end ing  t o  r o l l  the  a i r c r a f t ,  

The derivative (:, Is usually of only mlnof importance Des l rab le  values of C I  f o r  a particular f ighter  a l r -  
h i i  b A  

in tile 1ator;il control qurrlitles of conventional a i r c r a f t ,  f r a m e  configurat lon c a n  be de te rmined  by u s e  of the 
alld it is sorrlctimes neglcctcd in analyses. When dealing N~~~ and A,,. F~~~~ that the value of the 
wit11 n i r f rnn~e-p lus- ;~utopi lo t  s y ~ i t h e s i s  of a par t icular  wing tip helix angle during a rolling maneuver for ful l  
c o r ~ f ~ g u r ; ~ t i o r ~ ,  however, It i s  believed that this  der iva-  
tive hllould bc included until fur ther  research  shows that 
11 car1 bc neglected for  that c a s e .  

SECTION 4 - FACTORS THAT DETERMINE THE BASIC NON-DIMENSIONAL 
STABILITY DERIVATIVES IN GENERAL 

?'he purpo:ie of this section 1s to present  a general  d l s -  condition, he mus t  ca re fu l ly  c o n s l d e r  each  fac tor  Ln 
cussion ol ;ill the various fac tors  that d e t e r m i ~ ~ e  o r  in- establishing numerical  values f o r  the stablllty derlva- 
flucnce the 1);lslc non-dimensionnl stability derivat ives l ives .  
; u ~ d  to po i l~ t  out the i r  re la t ive  impor tance .  

'rhe two prlmary fac tors  whlc\i es tabl ish the baslc non- 
A ~ l l o r o u , ~ l l  knowledge these factors is import all^ to dimenslonal st:~biiity derivat ives fo r  any nirfranle  are  
tht! 5c2rvolnc~l~:tr~ist,  lo tile control system desihrner, and (1) the configurat ion of the a i r f r a m e  and (2)  i t s  flight 
10 :ill tile clUlcrs concerl~ed with oi)tiniizlng the hitegrnted condition; in gcr~er; i l ,  the f i r s t  is the m o r e  i ~ n p o r t ~ u l t ,  

itirll.;il~1~-n~tu1)IIot-~ollr01S s y s t e m .  Not only mus t  li6ts follow, of theso prill,ary f;,ctors 
Llrcy b ~ :  :lw;il.c: l11;it c l~;~r~(:c?s  111 t h e s e  1;ictors ~ ~ r o d u c c  i s  divided illto v ; ~ r l o u s  co[i t r lbut ing f a c t o r s  l is ted in 
~ I I ; U I ~ : I : : ,  111 l l ~ :  stul~llity du~~lv; i t ivcs;  but, they  nus st illso o r d e r  of d c c r a a s i l ~ g  l ~ l i p o r t a n c e  w l t h i ~ i  e a c h  group,  
krlow ~ 1 1 1 f i . 1 1  ~ : I C \ ( J T S  ~ ) r o d u c ~ !  I ~ n ~ ) o r t ; i l ~ t  chi lnges n r~d  
W I \ I V I I  I I ~ ~ I ! ~ I { : I \ ) ~ ~ :  O I I ~ S .  !h~ch \11fo1.111:1tlon i s  csj)t!t!i:~lly A l r f r ; ~ m o  Collf igurat lun 
I I ~ I ~ J O I  I ; I I I ~  to IIr( !  ; i ~ : r ~ ~ ( l y ~ ~ ; i ~ n l ~ i S t ,  for WIICII 11c I:; t:ive[~ n 
~ l d ~ ~ l ( ~ t l ~ i l 1 '  ~ I ~ ~ ~ ~ I I I I I :  c o r ~ l ~ [ : u r i ~ t i o ~ ~  ;it a [);irlicular flil;l~t (a)  I1;isic . r i r f r i ~ ~ ~ ~ u  [:eometry; w i ~ i g  and  till1 



I!: f i~>Io r !~ ! , . , ,  tai l  s i z e s  and n~ol l~err t  a r m s ,  wll~y 
tlil:::\::;!., :u:iel;l.l;c sizt ' ,  e tc .  
(I!) : ltc."c:~i~~ :rlrlri:~:.le gcorlictry: wing trailing edge 
;II,L: I:.:iLil:;; c<;~;c dlaps, speed bralres, landing gear 
ux':,%c, .,!i*!:, t ! !~ ,  

( c )  t.lturr!'~le iilrframe weight distribution: center 
of grzs!ity pc:;ltion. 

(dl Xach cur:lber. 
(e )  A q l e  of attack (Ilft coefficlent). 
(I ) Dynamic pressure  (aeroelastlcity). 
(6 )  Power (thrust). 
(h) Unsteady flow. 

Thls order  of importance withln each group Is based 
upon data derived from a typical high-performance jet 
f lglrter and is presented to glve a general ldeaconcern- 
Ing the relatlve importance of the factors Involved, but 
I t  anus! be rumembered that this order may vary sllghtly 
for dtfdcrcnb alpframes and for different tndividual stabl- 
llby derlvatives. 

So many factors are  hvdved In debrmlnlng the stabillty 
derlvatives for a particular a i r f r ame  under all flight 
coaadition~s that it would obvlously be a tremendous task 
for the aerody~~amicis t  to conslder all these factors In 
detall before arsivlng at final siablllty derlvatlve estl- 
matcs.  Fortunately, when the airframe Is In the pre- 
liminary deslgn stage,  fairly good es t lmates  of most 
stablllly derlvatlves important to dynamlc stabllity and 
control qualitles can be made by conslderlng the three 
factors llsted in the Alrframe Conflpratlon group and 
a fourth,  Mach number ,  from the Fllght Condition 
group. Once the values of stabllity dcrlvatlves have 
been obtalned by considering these four factors,  the 
effects 31 the res t  can be considered merely a s  addi- 
tions o r  refinements;  consequently, rough estimates 
of their values will usually sufflce. 

In the following pages, each of these elght f ac to r s  Is 
discussed In detail. 

(a) EFFECT OF AIRFRAME BASIC GEOMETRY 

Of all the contslbuting factors that determlne the baslc 
non-dimenslonal stablllty derlvatlves,  the most lm- 
portant  Is the basic a l r f r a m e  geometry .  The terrn 
f lbaslc ~ l r f r a m e  geometry" a s  used here refers  to the 
geometrical charactcrlst lcs of the alrframe when It Is 
In the aerodynamic "clean" configuration; that Is, wlth 
flaps, si~eed brakos, landing gear, e t c . ,  all retracted.  

Not only Is.txaslc alrframe geometry the most Important 
factor, but more thcoreticul and experlmcntal data a r e  
itvallable or) Its cffccts than on t l~u effects of any of the 
others.  Wltll the iild of such b a s k  reports a s  Refer- 
L'IICC; I tu 5 01 Cll;~ldu~* V,  111o:;t of the low-sl)c1ed st;rbll- 
I t y  dc r~v ;~ l ivcs  c;lrl bc cvalu;rlcd to n fair del:rce of ac- 
cun.;rcy rricrc.fily Iron1 ;In ex:rrnlr~:rtlorl ol a t11rcc.-vluw 
I I W I I  I A ; I I ~ I I I I ~ ,  Solrlcn of tile nl;rJor ef fec ts  of 
i l ~ c  ~ :uu~ t~c . t ry  o! variuus irlrfra~rle col~ll)o~leirts c;rn ha 
IJL 1c:ll y c~ullrll<~d: 

The wing plnnform 113s a grcnt Influence on ntmy dc- 
rivalives. The aspect ratlo a id  s w e c p b ~ k  of t11e \vin[: 
a r e  the m;lln elenrents e:;taljlishlng derivntivcs related 
to 1\11, drag, and rollillg mornel~t, such as CL,,, CU, , 

L', and C , r  . The wing planform In conjunction with 

the amount of dlhedrd angle also @stabllshes the value 
of CI . 

P 

The s l ze  and geometry of the horizontal tall and Its 
moment a rm from the center of gravlty establish the 
longitudinal gltchlng moment desivatlves c,. and c m 0 ,  

LL 

and provide a l a rge  c ~ n t r l b u t i o n  to c.,, ~ ln l i lar l ; ,  

the size an8 geometry of the vertical tail and Its moment 
a r m  from the center  of gravlty have a major effect 
on the slde force and yawing moment derivatives c 

' 8  ' 

The size and shape of the fuselage and of the nacelles 
Rave a great  effect on c and a somewhat smal ler  "a ' 
e l e c t  on c, . The positioning of the wing, the horl- 

a 

zontal tall, and the ver t icd  tail on the fuselage is  qulte 
Important In determining not only mutual Interference 
effects, but downwash and sidewash effects on the ta i l s .  
These interference effects sometimes have a conslder- 
able Influence on the pltching moment, slde force, and 
yawhg moment derivatlves such a s  cm , cm; , c , c , 

Y J P  "P  
c,,;, , and cn . 
(b) EFFECT OF ALTERABLE AIRFRAME GEOMETRY 

The terrn "alterable alrframe geometry" i s  used here 
to refer to any of the retractable o r  disposable aero- 
dynamic devices, such a s  wlng leading edge flaps, wlng 
tralling edge flaps, speed brakes,  landing gea r ,  and 
droppable external s tores  whlch a r e  used for special 
flight conditlons and whlch render the conflguration 
different from i ts  usual "clean" conflguration. How- 
ever ,  the term does not apply to conventional control 
surfaces which a r e  considered part of the lgcleanll con- 
Biguration. 

Extenslon of wlng leadlng edge and tralllng edge flaps 
enables the alrframe to reach a hlgher lift coefflclent 
and produces a great Increase in the drag coefficient, 
but the effects on the other longltudlnal stabillty de- 
rlvatlves a r e  usually small, except that c+,, and cba 
may be affected In some c a s e s  ol highly swept wlng 
conflguratlons. Extenslon of w~ng trailing edge flaps ; 
however, drastlcally chnnges some Interal derlvatives , 
especially cnr and cIp . 

Extensloll of speed brakes Increnscs the drag cocffl- 
clent of the alrfran~c! but usually docti not apprec~;lbly 
affcct any of the otllcr s t . lb~l~ty  dcriv;rtlves. lhrt i f  tho 
spcud brakes a r c  of tlrc witlt: split-flap typc, a g r o a ~  
incrcirsu In c;,r w ~ l l  result ,  i111d 11 the wing Is hi[:lrly 

swc3l)t, tllctru ru.ly also b ~ )  C O I I : ~ I ~ C I . ; I ~ I ~ O  C ~ I A I I K L ~ >  111 c: 
' , I  



In its st;tbllity dcrlvatlvcs. Convcrscly, a c o n l i ~ ~ r a t l o n  
whlch h l s  a low aspect ratlo higllly smepl wlng and t a l l .  
bot!r v~itlr very t h u ~  airfoil srctlons, will show only small  

iL::.tcnslor~ of tlrc landing gczr usvally 60.1.3 not have an and relatively srnmffr c l lnr~ .es  in thr' stabU1ty der1vatlves 
ar~:):.clc!::ble clloct OII any o! the staSi1l:y derivatives al-  over the s a m e  1.2nsh numboa- range.  
thocch ? t  dccv affect the d r ag  cocbflclent. 

The slopes of the lift curve of the wing znd d the hori- 
'rhz ;~c!dltlon of wlng pedestal  tanks o r  tlp tanks to an zontal tall a r e  of fundamental importance Iar the evalua- 
a l r l r amc  can ~ s o d u c e  appreciable changes In such de-  tion of many of the der lva t ives .  A brief examlnatlon 
r i v ~ t l v e s  a s  CLa , cD, , c l p  , cIJA,  and C n p ,  depending of a particular derlvatlve ( c , ~ )  wlll demonstrate falrly 

upon the particular conflguratlon. Unfortunately, data typlcal effects of Mach number on stablllty derlvatlves 
of a general  nature concerning external s t o r e  conflgu- In general. 
r a t i o n s  a r e  sa!her s c a r c e  a t  the  p r e s e n t  t lme;  I t  i s  
t he r e fo re  dlfflcult t o  estlrnate the resul t lng effects  on Flgure N-32 shows the effects of dldfeaent wing plan- 
al i  t he  stablllfy dcrlvablves. f o r m s  o n  c,. v s .  Mach n u m b e r .  Aspect  r a t l o  and 

(c )  ALTERABLE AIRFRAME ~ w e ~ b a c k  have a pronounced influence an CL, for  sub- 

DlSTRIBWTlOM sonlc Mach numbers, and an even grea ter  Influence In 
the tsansonlc region.  But for  Mach numbers  g r ea t e r  

As 9 particular a l r f r a m o  Is opera ted  throughout I t s  {than about 1.6, the effect of the wing geometry dimin- 
dllght regime, the burnlng of fuel, the firing of ammunl- bshes as shown by the converging t r end  of the famlly 
tlora, and ' t he  dropplng of ex t e rna l  s t o r e s  change the of cu rves  In the d lagram.  4For hlgh supersonic Mach 
weight dlstslbution. The most Important effect of th l s  numbers,  theory shows that CLU Is glven by the slngle 
Is the resulting fore  and aft shl l t  In the center  of g r a -  
vlty, whlch produces  a very  g r ea t  change In the a l r -  
frame's longltudlnal s t a t l c  s tab i l l ty  derivative c,. . 
(This sltuatlon Is explained more  thoroughly In the d ls -  geometry In supersonic Mach number reg lmes  Is falrly 
cusslon of In Sectlon IV-3.) Byplcal for  most  of the stability derivat ives.  

IIf any one.efPecb of Mach number  is m o r e  Important  
In addition, a s  the posl t ion of the  c e n t e r  od gravlty than the res t ,  It i s  probably the effect on the longitudinal 
shuts ,  there Is a consequent change In the moment a r m  atat lc  stabillty derlvat lve c.~ . The wlng contribution 
of the horizontal tall,  resultlng In changes In the pltch- 

Po cma depends or1 the d is tance  between the center  of 

the per  cent change In these derivatives Is usually neg- pressure  ob the a l r  load and the center  of gravity d the 
liglbly srnall except for  s o m e  t a l l l e s s  c o n f l y r a t i u n s  a i r f r ame .  Fo r  relat ively low aspec t  r a t i o  wlngs B I I L  
where the cffectlve tall moment a r m  Is r a the r  s h o r t .  c en t e r  of p r e s s u r e  gradual ly  m o v e s  fo rward  a s  the  

Mach number Increases from 0 t o  about - 8  or  .Q, pso- 
Flnally, s lnee ttre a l r f r ame  I s  not completely rlgld but duclng a pos t t lve  i nc remen t  t o  C, and thus  rnaklng 
1s subject t o  elashlc dlstortlon, welght distrlbutlon can 

D. 

the a l r f r ame  l e s s  s tab le .  As the Mach number 1s In- 
cause appreciable deformatlon ol the alrframa conflgu- c reased  thraugh the transonic reglon and into the supes- 
ration and s o  affect certain stability derlvat ives.  FOP sonlc reglon, the center  of pressure  shlf ts  adt, causing 
dxarnple, large nacelles and external s t o r e s  mounted on a la rge  negatlve Increment to cm and thus great ly in- 
the wbrg ca r  clmrge the wing bending and torsional cha r -  'a 

actcris t ics  enough to abfect some of the sbabtllty derlva- c reas ing  the stat ic  stability of the a i r f r a m e .  

t l ve s ,  malnly C , ; ,  C m Q ,  and C i  The magnitude of 
P '  Another very Important effect of Mach ~ ~ u r n b e r  Is 19s 

these  effects  depends on the par t icu lar  geozrmetry and grea t  Influence upon the pr lmary  control effectiveness 
e las t ic  proper t ies  of the a l r f r a m e  concerned.  des lva t lves  C n l i E ,  , C U E R ,  and upon the re la ted  

(d) EFFECT OF MACH NUMBER secondary derivatives such a s  C, , C n g A ,  CY b2 and 
6 t: 

C L h R  , For  the conventional drailllrg edge flap type of 
'I'hc t:ffect of .Mach nun rk r  on baslc stabulty derlvatlves 
Is, in g c ~ w r a l ,  second in importaarce only t o  the effect control, an Increase in Mach number Il'om 0 to . B  o r .  8 
of ~ i i r l same co~lfii:uratlon, Every derlvatlve i s  changed usually augments the control effcctivcrrrss by m appse- 
t o  L L I I  ; ipl)reclat~le ex t e r~ t  a s  the Mach n~wnbcr  va r i e s  e lab le  amount .  As the Mach nunrber 1s fu r the r  111- 

c roa sed  through the t ransonic  region,  however,  t h ~  tt~rouk;truut the speed  r a n g e  of supe r son i c  a l r c r a f t  , 
cont ro l  e f f cc t l venes s  d c c r u a s c s  r ap id ly ,  s o  that  a t  

'I'i~e :rr;q:nitud~. of thc clrnnge lii s tabi l i ty derivatives supersonic speuds it approncl~es  a vslus about one h ~ d f  
a s  the Mach r~unlbcr  i s  var ied  f rom 0 to  iibout 1 . 4  Is that at low subsonlc Mach numbers .  
l~ril~1;tr.ily a luiictlorr uf tlle a l r f ramc 's  b;ir;lc goornctry . 
A c~~i~fl l :~~r ' .c t lot i  wlrlch has  a hlglr as1)c:ct rntlu ullswupt (o) EFFECT O F  ANGLE O F  AT'FACK 
v ~ l l l l :  a i d  1;111, t~ot11 wit11 tlllck ;~I~ . fu i l  S L L C ~ ~ U I I S ,  will slrow 
1;rr.l:c :ucd ;~L,r,ul,t clii~ri~;es (of tilo urdcr  of 50% 01% r~loru)  'I'lrc v:duus of sornc ' i ,~s ic  ~~on- t i i r l~ t~~~s io i i :~ l  st;~k~lllty do- 
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r1v;ltivcs depend ~ I I  t l ~ e  ank;le of idtack, or  llft coeffl- mate the C, versus a curve, o r ,  better stlll,  by a cam 
cle~r t ,  of the :tlrfr3mr, whereas olher derlvatlves a r e  describing U,e curve 
rclatlvely unaffected. 

Usu:tlly thcrc a r e  only a few longltudinnl derlvatives that (f)  EFFECT OF AEROELASTICITY 

a r e  p r l n ~ a r i l y  functions of angle of attack: cDn , c," , Until a few yea r s  ago, the only aeroelastic effect on 
C L ,  , and C,, . Of course  the equllibrlum llft anddrag the dynamlcs of alrcraft  consldered Important was the 

coefflcienls cL and cD also depend on c . If the wlng of reductlon In maximum attainable ra te  of roll; that Is, 

the airframe Is of low aspect ratio or hlghly swept, the the reductlon in the ai leron effectiveness derivatlve 

curves  of CL and Cm versus  a whlch a r e  usually con- c r d A  and the roll damplng derlvatlve C l p .  Since that 

sldercd to be straight-llne relationships In classical  t lme, because thlnner wings have aggravated the struc- 
aerodynamics,  a r e  likely to become nonlinear; thus tural problems, aeroelasblc effects on many of the other 
causing the longitudinal derlvatives cLa and C m n  , the derivatives have become appreciable. Today, aero- 

elastlc effects on stability and control a r e  so  Important 
sloj~es of these curves, to be functions of angle of attack. that It Is Imperative for the aerodynamlclst to consider 

them In evaluating stabillty derlvatlves. 
Many of the la tera l  derlvatives change wlth angle of 
attack: the ones that change the most a r e  c I, 

C r r  Aeroelastic effects on stablllty derivatives can ar ise  
cJu' c,, , CI a n  , and C, , A ;  the ones that usually change from any of the followlng conslderatlons: 

a re  8 , 'yhR ' n b R  ! and ' n p .  A 1. Wing torsion and bending due to: 

few of the lateral  derlvatlves, such a s  C r ,  and C r l A  , 
a .  Alrloads In equlllbrlum fllght. 

remain falrly constant wlth angle of attack, at least up b. Aileron deflection. 
to the stal l .  c .  "Dead welght" distrlbutlon when the alrcraft  Is 

subjected to a normal acceleratlorl increment, b. 
Altl~ough rnost of the derivatives mentio~ied above a r e  
actually functions of a ,  they a r e  usually evaluated at 2 .  Horizontal tall torslon and bendlng due to: 
:UI equlllbrium angle of altack corresponding tc a glven 
equilibriunr flight conditlo~l ~ u ~ d  a r e  thereafter assumed a .  Alrloads In equllibrlum fllght. 
to renlain const;~nt during ar~y i111g1c of attack perturba- b. Elevator deflection. 
tion from the equilibrium conditlon. This assunlption 
must be nude to n ~ a i n t ; ~ l ~ ~  the l inear~ty  of the equatlons 3. Vertlcal tall torslon and bendlng due to rudder de- 
of motion. I t  Is clear that the valld~ty of this assump- flectlon. 
tion dcpcl~lds; l ir .4,  or1 how much the derlvatives change 4 .  Fuselage bendlng and torsion due to: 
wllh ;I smal l  . Inge Ina ; and second, onhow much 
these ch:~nges  I I I  the derlvatlves affect the a l r f rame a .  Airloads on the horizontal tall. 
d y l ~ a ~ n i c s .  For instance, the derlvatlve C L y  rnily,ex- b .  Alrloads on the vertlcal tall.  

hibit a 1art;e n o ~ ~ l l n e a r  effect with a ,  but Lf only the 
dy~lumics of the pl~ugold are  of Interest, the perturbation 6 .  Fuselage bendlng due to "dead welghtfl dlstrlbutlon 
in ( , ,An , i s  smal l ,  and thus the effective contribution when the a i rcraf t  i s  subject to a normal acceleration 

Increment, Cul . 
of this de r~va t ive  to the motion, given by the product 
cL, cIu, is sn~r l l l .  Consequently, the nonlinear effects Thls list Is qulte general but may o r  may not be com- 
of cLy with a can be safely neglected for thls case .  plete for a particular a i r f rame.  I ts  maln purpose Is 

to crea te  an awareness In all those concerned wllh an 
optlmum airframe-autopilot-control  sys tem of the 

Altt~ougt~ such nonlinear effects of angle of attack a r e  many posslble sources  of aeroelastlc effects cm alr- 
usu;rlly quite small  and can be neglected there Is one f rame  stability derlvatlves,  
dcrivatlvc,  cma , whlch requ i re s  speclal attention In 

cerlairr cases .  The curve of C, versus a Is usually a The magnitude of aeroelastlc effects for any particular 
st~.aight Ilr~c; however, for hlghly swept wlngs of mod- a l r f rame configuration at a pal-tlcular fllght condltlon 
erate avpert ratio thlv curve can exhlbit some rather depends upon the followlng factors: 
itbrupt ~ror~iinearities. Thls means that c m m ,  the slope 

1 .. Dynamlc pressure .  of thls curve,  call S I I U W  a large change In magnltude 2 .  Alrframe geometry. 
ovcr a re1'1tlve smal l  r:lllge of a .  It Is clear that In 3 .  Mach ~ ~ u ~ n b e r .  equlllbriu~n fllgl~t corldltlun 111 the v l c l ~ ~ l t y  uf thls [Ion- 4 .  Structural rlgldlly. Ilr~e;i~.ity, t l ~ c r e  1n:ly be :I 1arl:c e r r o r  In the calculated 
Io~ll:ltudtr~al dynamics If the ~'ffcct of angle of attack on 5 .  Norn~nl  accc1er;rtlon. 

c , ~  Is nc~t t,~lccn l~rlu account. A brief dlscusslon of e i~ch of tllesu five factors follows, 

'l'l~l:, hart of n o ~ ~ l l r ~ c a r l t y  can bo handled on an nr~alog 
Dyll~l l l l lc  c t~r~~l)utcr  I J ~  usurg two or 111oro blraJ~11t I111es to : I I ) I ) ~ ( I X I -  
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Aerocll;sflc effects are psimarlly a functlon of dynamlc 
pressure,  (1 . By dcflr~ltlon, the value of the dyriamlc 
pressure  Is: 11 = )i I J U '  , where 1s the denslty of the 

portant one and should be appraised when estlmatlng 
stability derlvatlves. 

Piduro IY-43 Effect of  Wir~a Gronetry or1 

2 .  Alrframe Ccometry . ~ I ~ F L J ~ ~ ~ ~ I . s ~ ~ ~ :  CL (A1 t i  tutle A s s  tu~erl Cortzti~nt) 
0. 

air  and IJ is the true forward veloclty oP the alrcraft  . 

The mag~~itude and, more importantly. the slgn 01 aero- 
elastic corrcctlons to the 'lrigid" st:ibll ity derivatives 
depend to a large exlel~t upon the alrframe geometry, 
especi;illy ul1o11 the geometry ol the wleg. As an ex- 
ample, c o ~ ~ s l d e r  (Ire lift curve slope, c , ~  . In Flgure 

IV-33  , the ratio of elasllc c,,, 10 rlgld L!,~ Is plotted 

Thermodynamically, (4 can be expressed a s  . 7 1 ~ ' ,  C 
U 
4 

where D i s  the umblent statlc pressure 01 the atmos- .4 

phere. Since p decreases as  altltude Increases, It Is 4 
c lea r  that dynamic pressure  Increases a s  the Mach g 
number increases and a s  the altltude decreases. And LT 

a s  a lu~rction of dyrlamic pressure .  

r. 
w 
.- 

.!2 
5 

LT 
I 

The ellect of aeroelastlc def1et:tlon is to  increase^,^ 
for a sweptforward wing and to decrease it for a swept- 
back wing. For a straight wing, CLU is flrst Increased, 

0 

llien decreased a s  (1  i s  Increased thru the transonlc 
s e g i o r ~ .  Similar effects can be observed for other 
stability derivatlves;  consequer~tly it is essential  to 
know the specific a i r f rame conliguratlon before any 
aeroclaslic ellccts can be calculated. 

-1 

3 .  Mac11 Number 

Swcyt forwlrrtl 
C, 

111 addition lo Its prlmary effecl In determining the dy- 
n ; ~ ~ r ~ i c  pressure,  the flight M;rch number itself Is qulte 
i n ~ p o r l s r ~ t  in eslabllshirig acroelastlc correcllons to 
stal~illty dcrlvallves. Slnce the dis t r ibut lo~~ of the a l r  
load on tlie wlng arid lrurlzorilal tall Is altered a s  thc 
Mach r ~ u n ~ l ~ e r  is c l ~ a r ~ ~ e d ,  01c rcsultlng aeroelirslic 
dcf1c.ctlo11.s arc  ;ilso affct*ted ;uid ;Ire espcclally ~loticc- 
:it~lc 111 1 1 1 ~  ~ ~ ; I I I S I J I I ~ ~  ri!cio~i. 111 L'i(;urc l V - 3 2  , for  
c:lc;~riil,!e, Ulc3 tdd I~c.l~itvior of t l ~ c  curves in t l ~ c  Lr;u~so~rlc 
rc,;iot\ ~ . c : s u l t ~  fro1x1 ;I r(:ii~.w;rrd sli if l  01 l l ~ e  cc~ i te r  of 
1,ro:;:~urc of the air lo;111s 011 tile ~ 1 1 1 1 :  ;IS the Milch Irurn- 
Lcr irl(:l~e;1!~#c!;. 

If  It Is assumed that the effects of aeroelastlclty In- u 

crease  wlth dynamlc pressure (which Is generally the 
case) ,  then It  can be concluded that the magnitude of J 

0 
& aeroelas t lc  effects a r e  largest  when the a l rcraf t  i s  1.1) 

flylng at hlgh speeds and at low altltudes. Y - 
3 - 
v, 

For ma;? stabdlty and contrd Investigations, the change QI 

In altltude during a maneuver is elther ze ro  or  small i I. 

enough to be neglected. Therelore, when the forward 
3 
U 

speed changes (i. e . ,  when the Mach number changes) , c) "4 

a s  I t  does lor example durlng a phugold oscillation, 4 

-1 

the dynamic p r e s s u r e  changes,  and the fo rces  and 
moments due to aeroelaslic deflection a r e  a l t e red ,  
allecting the values of the stability derivatives c 

0, ' O 
cL, , and Cmu . The c,ifoct upon C m y  Is the most Im- O 

For subsonlc lllghb the llne of the centers of pressl!rn: 
for a stralghd wing wlth average aspect ratlo Is loc:at,:3 
approximately at - 2 6  MAC, a position normally :~l'~:l.d 
of the elastlc axis of the wlng. As the Mach nurtrber is 
increased through the transonlc and Into the supersonlc 
reglon, thls llne of centers  of pressure  moves aft to 
about .50 MAC, a posltlon normally aft of the elastic 
axis. A s  a result, the torsional deflection ol the witll: 
about Its elastlc axis wlll actually change dlreclion 11s 
the transonlc region Is traversed. This phenon~e~lur! 
i s  clearly demonstrated by the actlon of the stl.alg)~t 
wing curve of Flgure 1V-33.  

4 .  Structural Rigldlty 

Structural slgidity Is of c m r s e  very Important In dcatcr- 
mlning the rnagnllude 01 the aeroelas t lc  e l lecls  3;;  

stability derivatives. The more rlgid the slructu~.e, !hk 
more 11 can resist the a i r  loads, and the less it  Is sub- 
ject to aeroelastlc deformallons,  But the arnour~l of 
rlgldlty posslble Is limlted by consideratlor~s of wc i~h l  
and aerodynamics. For example, very thln wlrigs ;Ira 
consldered necessary fo r  supcrsui~lc aircsiilt bccuusd 
they make possible a seduction III nerodyniimlc dr:rl: . 
However, a very thin wlng Inev1t;ibly Incaris a will:: 

wl~ich Is weak In resisllu~cc to torsio~l eve11 U i t  Is co:~-  
struclcd of solid matcr1;ll. 'Nlls li~ck of ri1;iiIit y r ~ ~ u l t t i  
111 grc;rt :reroelastlc effccls OII 1110 iiorivativc.~ C and 

Is* 
cIp. IJI ;uiditiu~, a 111111 wIr11; will prob:ibly bii11d sl).itiu*ise 

easily protlucl~y: a (:reirt effect or1 c I  'Clic ~ r i i ~ s t  usu:rl 
8 '  

way of I ~ I ~ I ~ ~ I I I ~ ? . ~ I I ~  1Iicse cflccts i s  11) LI:;C ii W I I I L  p1i111- 



fur13 of low aspect  ra!lo. 

in ;~.:dltlon lo the horsiol~al aad bendinc dcdlsrtlons of the 
will[;, il!e structural rigldlky of !he horizontal tail and of 
t!~? rciir portlon ui the fuselage can  produce se r ious  
:~crc-i~ls!lc problems bccausc the pitching moment con- 
trlb~~tlola to the a i r f ~ ; ~ m s  from the horlzonhl tall depends 
no: o:ity up011 the acrcalastic becding and torsion 01 the 
horlsontul tall itself, b2t a l so  up02 the dPexlbillty of the 
fusc:lagc a s  a llnk be:ween the tail and the r e s t  of the 
a l r f s ~ ~ ~ t i e .  The aft fuselage i s  subjected to a moment 
f-om the tai l  a s  well a-. to a vert lcal  force.  Usually 
the ver t ica l  fo rce  i s  the predominant effect, s o  that 
the fuselage deflects in a direction to rel ieve the load 
on the tall,  thus reducing the horizontal tail effective- 
n e s s .  T h l s  effect  has  scrious aerodynarnlc conse-  
queraccs because all the pitching moment stability de- 
rivatives, C,, , C U y  , C.: C B q ,  and C m b E ,  depend on the 

horbonta9 tail effectiveness, and most of them a r e  very 
l m ~ ~ o s t a n t  t o  Longitudinal stability 2nd control  char -  
ac tcr l s l los .  

5 .  Normal Acceleration 

Depending on the pastlculaa geometry and s t ruc tura l  
r~gidiby ol an1 a i rbran~e,  acrcrelasblc effects can be ~ m -  
pcrrtac~t under flight condlt~csns l a ~ v o l v ~ r ~ g  normal a c -  
cclesaliori otllcr than one " g . ' V o r  lnstalce,  consider 
a11 ; i i rc r ;~f t  wit11 l a rge  engene nace l les  mounted out- 
buard ;doall: the w h g  span and with the c m t e r  of grurrlty 
of the n i~cel lcs  forward of the elastic axis of the wing. 
W ~ C I I  t l lu  alr.csait is subjected to change In  normal ac-  
ceieratlu!a,O~l , the "dead weight" of the nacelles pro- 
duces both turslol~al a ~ d  bendllag deflections of the whg  . 
Actually,  the c o r r e c t  method l o r  lntsoduclng these  
aeroclasllc effccts lnto the dynunlcs  of the airframe i s  
to provide cqulctiul~s of motlori to account lor tbe elastlc 
d e g r e e s  of f r eedom,  111 addltlon to the conventlonal 
equ:~lions of  notl lor^ whlch a r e  written wlth respect  to 
the r e ~ l l e s  of gravity of the rfgld a i r f r a m e .  Fo r  the 
alr.cl.;~ft dcscrlbed in tlie last  paragraph, for  example,  
two more  equations a r e  necessary  to account for the 
wlilg t1p rotatlon and for Its dchPecElon relat ive to the 
ct:~lter of gravity of the a l r f r ame .  

Iflbvevcr, l f  the mollons of the a l r f rame a r e  assumed 
to be ratircr slow 111 con~y~ar l son  with the natural Pre- 
quc~ncles of the ~ l a s t l c  port lons of the a l r f r a m e ,  the 
lric~ Its effccts ut various concen"lsa1ed anasses relatlve 
Lo the clitire nlass of Lhe airframe can be neglected, arid 
o111y tllc "steady state" a e r o d y ~ ~ a m i c  effects caused by 
: ,tructural dcfor-rnatiol~s need b e  co11sldert.6. 

A:,sur~~c tl1~11 the air-fr.ln~e is subfectfd tu an increnlental 
~rcJr~r~;tI  acc i~ l c r :~ t iun ,  , which does cot change wlth 
tl~lie--fc)r I n ~ t . i ~ ~ c i . ,  during a st;ibllizcd turn o r  a con- 
s t ; l :~ t  :,l;cc:d 0 u i 1  u o  m;irlcuver. Fu r  t01s s t ; ~ t ) i l i ~ ~ d  
I I U ~ I ~ ; ; ~ !  ilccc1cr:citori tile ctr:~~~l:c 111 airiu.id on the wing 
( : C I L I : , I  11 I J ~  llic lo~.:iIor~;il ;LI\L( I ) c~~ t l l~~ l :  t lc f luc ' t lo~~~ g~~.utluccs 
111t,rcrii1;111:, 111 lift ;111d r>ltcI~lt~i! I I I O I I I ~ ~ I ~  W ~ I I C I I  ~ : I I I  be 

llzed normal aa:celeratlon, no additional eYasBBc q u a -  
tlons of motion a r e  required, and aercshast ic  ndfccds 
can be taken lnto acsount In the con'centlonal equatlons 
of motion for  a rigld a i r f r ame  by adding t e r m s  of the 
form %& and F-L~, . 

a l l  & 
But Instead of using these new stability des lva t l res  In 
thls  fo rm In the equatlons of motion, i t  Is conwenlent 
t o  sp l i t  each  of them lnto components whlch a r e ,  In 
effect, contsibutions to more  common stablllty deslva- 
tiwes. That Is, Is transformed into contslbutlons a h  
to CG and cL,, ;ud 2 Is  t smsfosmed into contrlbu- 

tions em; and c,,. T h e s e  t r a n s f e r s  can be made 

U s  because asl. g(e -A) a t  a l l  t imes  for  the slgid airplane 

equatlons. 

FOB example,  cons ider  the pitching moment equation 
expressed in non-dimensional stabllity derivatives In- 

cludlng the derivative % : 
aLvl 

Substituting iyr . ! ( b  -A) and! collecting t e r m s ,  

whlch can  be written, 

where both C,; and Cmp conslst of two pasts, the basla: 

portion arlsing Pram the aerodynamics d the a l r f rame,  
and the other pa r t  a r i s ing  f rom the e las t ic  deflection 
caused by normal accelerat ion.  . 

Pt may be seen ,  therefore ,  that when the aeroelastia: 
effects of "dead weight" i tems a r e  due bo steady state 
normal  acce lera t ion ,  they can  be taken  Into accouni 
mere ly  by addlng thelr  effective contributions to the 
derlvahives C, , ,  C, , C,: , nnd C, . Thls sort  ol aero- 

0. '4 a 
elast lc  contribution to stability derivatives is not loo 
dtfflcult to evaluate, especially U static deflection data 
from s t r e s s  stat ic  1oad111g t e s t s  on the prototype air- 
plane a r e  available, giving expesnrner~tal values lor  
&, and &. 
J a h  

When the derlvatlveu % and % are Introduced lnto 
ah1 & I  

the cquatlol~s 01 rno t lo~~  of the alr-frm.?, XI npproximaio 
expressloll for & I  Is sornetln~cs used: A I  - S.,i\il , wilare c 

Is tho p c r t u r b s t l o ~ ~  :~ng lc  of att;!ck a r d  CL Is the 
cqulllbrlum Ilft cwlflclent .  T l ~ l s  ex:~rc.srlon for &I !S 

truo only for thc ste;idy st;ito polSt!on of co~~s t : r~ r t  spc?d 
~)ull-up type n~:r~~cuvcr,s  wllc21'e 111~' pitchln~; vclwlty !! Is 
ColiSti~~~t ; I I I ~  w11el.- the r:\Ie cd chanl:c uf ;\nl:lc df i~tt;lcbc, 



A, IS r:cro. Till:; ..::~rc::..:lon 3ls.s i?>:lccts tlro cffects 
ol  ST.:.-11 clcrivat!-J-:: :r.s CLIE , C L A ,  ,1-nd CL . I! thls 

i:[~~!rr:cl:un!c e::?r?ss!on ior  &Q Is ased, neroelnstlc 
co~!t~.!.bu!~o~~s !c !I12 st?..bl!ity dcrivat.lves CL, clad Cm, are  

o!:!al.~l-d 1n:;:cad o! c~ntr lbut lcns  ta CL:, C L ~ ,  C.;, and 

Cmg,  2s V ~ S  dcrnon:;'.r~:cc! above. Althzugh this tech- 

nic ;~? ylclds reasor.;'bly practical 2~s.,vers, It nmst be 
rczk.,-d that tlrt! app.no;?.znt!ons hvo!ved 1 s L  to greeter 
Inacc1~r;1.cy Ulm if tk1.3 cssrcct expressic.a f o r b  Is used. 

By conslder!ng tl12 motion of tho a l r f r m e  restricted to 
steady norrnal acce1eratlons (that Is, %/her. Ar IS not a 
functlon of t lme) It has been shown that aeroelastlc 
effects due to normal accelerztlon can be included in 
the conventional equetions of rnotlm, 2nd that, a s  a 
resu l t ,  tlrc compllcatlcns of lntroduclng ;~.ddltlonal 
olastlc equallons ol motion have been avolded. The 
ques!lon Is whcther or not thls technique can be used 
when the snotlons of the alrplane a r e  not steady, a s  
during the response to an elevator pulse or to a s h u s -  
old28 elevator input. Although no flight test data a re  
nvallable to subst,ultlate the conclusi3n, this dechnlque 
Is belleved to y ~ e l d  satls!actory resul ts  for Bow fre-  
quencies, say from 0 up to 8 radlans per second. 

Tlac maln assumptions L~volved a r e  thn? the lnertla 
claasacterlstlcs of the vasluus e!,as!ic portions oI the 
alrdsame movir~g relative to the c .  g ,  of the alrframc , 
and the hlglier order aerodyllamic derlvatlves c;tuscd 
by tlie relatlve motion a r e  both neglected. 

ln practice, most jet f1qfite:s of today are of sufficient 
sl[:idity and of such conligW?tlo~r that this sort of aero- 
eBastlc effect resulting from normal acceluratlon Is of 
secondary lmportruicc In d j ~ n m l c  slablllty ;rnd control . 
In other words, the magilifudus of .'cm 'and 3 a r e  

3~kl 3h1 
usu~illy small enough that t l~e l r  contsLbutions to C, ;, 
C L ~  , Clr; , and Cmu can be ignored. However, at least 

one case is known where tlrese aeroelastlc contribuhlens 
ca1no0 be neglected; It Is therefore recommended that 
for any give11 co~lllguration under consideration these 
effects be evaluated. 

In some cases  the effects of itercelastlclty cannot be 
corlsldercd 3s slmplc addlh5.uris and corrections to the 
usual :it;lbllity de~.lvntlves, a d  additional equations of 
motioil w i t h  cntlrely new slablllty derlvatlves a re  re- 
quir.cc! tu dcllnc the a c r o c l ; ~ s t ~ c  n:otlolr. 

k'ur cx:i~nl)le, co~isiticr a sta;~iglrl wing a l rcraf t  wlth a 
vcry L!I~I: airfoil section nnb wlth heavy ex!e~.lral stores 
niuu~~tl-d u11 :tie wirrg tips. Tlrc n;~(ural  Ircqucncy In 
bc~rtli~rl: ( ; \ r~ t l  perh;rl):~ 111 t o r ~ l u ~ r )  of tills systclv call be 
low IJIIC)II( :~!  to elfcc!t tht! dc,:~i(:rl of ;I Io!~~:ilutli~~:tl nuto-. 
]ji1u( fur !lli:; :lircralt, ;111d ( : o I I ! , ~ : c ~ u c ~ I ~ ~ ~  tl11s ~ ~ ~ ~ ' ~ ) ~ I i l ~ j t l C  

cf1tc.t rtru:it I ) ( !  cor~:il<lc~.~~c: ;I:: : i l l  :~tlc!ltiorr:rl t lc~rc ,c  of 
i~ ' t : t t lo~ :~ .  'l'l~l!; ( ! x : I ~ I I I ) ~ ~  dl f f ~ ~ , : ;  ~ I . I J I ~ \  1 1 1 ~  ~ J ~ C V I ~ ) I I X  UIW 

I r l  t11:il tlic l l : ~ l u l . ; ~ ~  f l ~ c 8 t ~ i c ~ : r ~ c . y  uf t11c 1rl'c:i~:nl el;ts(lc 
:.y:.li~lll I>> ~1:;:,~1111~~1~ rl:l;ctlv~~ly l o w  :1111l clo:.l~ to tllc f1.c- 
~ U ( : I I C : Y  of 1I1c lo~~~: lL~~(I l r~: t l  : j l ~ o ~ , t  l)(hr~ocl ILIOLIC. 

T!ils sert  d acroclaslic c!,:formn!iora m2y albce'. ~io! only 
ths sta'-li!l!y but alss the ilu!;rr ch:~r.-.ct~3rlstlc Flutter 
problems are  us~nl ly  scincer!?ci wlLh btrc coupling of the 
na:urA mccfcs of :Ire elas!!~. alrfsanr2 with acr~ulynamlc 
unsteady flow effects, 2nd In general, tlre Ssequencit?~ 
Involved a r e  too high to cause any edfcct an alrcraft-  
plus-autapllat stablllty. But these Is an lntermcdlate 
frequency range bct~icen the la!gla frc~uenclcs lnvolved In 
flutter and the relatively low dscquencles involved In 
dynamlc stabiiity, arid In PNs GZJGC there can be clastlc 
effects w i t b u t  wstexiy Slew (such as  that described In 
the example in the  previous paragraph), or conversely, 
there c m  be ws:eady flow effects without elastic cfqges .  

As another example 01 asroelasdlc effects due to ac- 
celesatlon which may requlre addltlonal equations of 
motlon, ccnsider an airplane in which the rear part of 
the fuselage is  relatively flexlble and the aft fuselage- 
empennage system has a natural frequency close to 
either the longitudinal short period or to the Dutch roll 
natural frequenc les. 

In summary, mot only are  aeroelastlc effects Important 
in establlshlng tire values of stability derlvatlves for 
equilibrium dllght, but In some cases  they cim be Im- 
portant in t ransie~l t  and steady state oscillatory can- 
sldesatlons oi alrcralt dynaarilcs In the fr~quericy range 
lower than those of classical flutter. 

Techniques for asrlvlng at sultable equatlons of motion 
for fuselage bendlrrg and wing bending are  available. 

Derlvatlves lm~~or lan t  to aircraft stability rurd control 
and most likely to be affected by aesoelasticity are:  
C m C  P C m  P C  C b a ~ C ~ ~ A ~ C l D ~ C n 8 A  I C i D a n d  

C n h 8 '  

(g) Effect cl Bower 

Although very dew experimental data a re  availabae con- 
cernlng the effects of jet power on stability derivatives, 
it Is not too dlfflcult to ca lcu la t~  or cstlmate the malor 
effects Iheoretlcally . Such Invest lgat ions have shown 
that, In general, power effects on the basic stnbillty 
deslvatives a r e  ra ther  smal l  (Refcr.errce 3); colrse- 
quently, most dynamic stability analyses neglect jet 
power effects. It must not be assumed tlrat jet powcr 
effects can be neglected when consltlcring lo~lgitudinal 
equillbslum or trim cnnditlons, for the momcnt due to a 
thrust kine not yasslng through the ccntcr of gravity of 
an alrframe may be quite lasgc. 

It Is usually necessa,ry to nlount the tail sur l :~ces  of a 
jet-powered a i r f rame  at a safe  dist:\ncc from tlre jet 
blast because of tlre vcry Ii~gh ternl~crnturc. As a 1.0- 

sult, jet power-on st;lblllty problcnis :we mucll simpler 
than those od tire proool?cl'-dl-lven nlrfr;~rnc ns tlic Iatlc'r 

' f 'u i ,  S. I .  , ~ I I I ~  SL~;II.S, W ,  fl. , 'S~IIIIL~ A c ~ . i ~ i ~ l ~ ~ s L l c  I ' I . L ~ I I ~ > I - -  
t i c s  o t  Swc8l)t W i111::;. ' J I ) I I I . I I I I ~  U S  L I I C J  A t l ~ . c ~ ~ ~ ~ ~ ~ (  Ic.11 
S < ! ~ ( > I I C ~ : ~ ,  X V I ,  Nu .  2 ( P ' ~ , I I ~ ~ I I I ~ Y  1!)4!l), l<l!>- 1 1 5 .  119; 
HI1  I L ( > .  It.  . J . .  '111vva~il:iit i u ~ r  01' L.iilLr1.111 I ) ) . ~ i l i ~ ~ ~ i ~ :  5111- 
Lii l i  L Y  111 tlit! XI]-.I7 A I  I . ~ , ~ I I I I C .  ' J ~ I I I . I I I I I  0 1  I l l ( '  ~ ~ ~ ! l ~ i l l ~ l l l -  

ti~:ill : ~ I ~ , I I ~ , I  , XVII, No. :I ( f l i~~.c l !  L ! l ! > O ) ,  I : l .~- l~l~{.  



is subject tu puwer cffects that can be qulte large be- 
c;lrl:iti t I~c  t ~ ~ i l  su1.1nccs a rc  frequently Immersed in the 
!?rol~cllcr s l i p - s l r e a n ~ .  

Titcre a rc  three major contributlons from the jet power 
p!;lrtt to the equilibrium (trim) and dynamic stablllty of 
t11c alrlranle:  

1. Direct thrust effects. 
2 .  Dircct normal force effects at the alr  duct Inlet. 
3. Induccd downwash at the tall due to the inflow to 
tlle jet blast. ill lhs. 

( A  fourth jet effect, that I s  somet imes considered, 
nl:ty be termed a Corlolis effect, and involves the forces 
artd mo~nerrts on the nlrframe produced by the Inter- 
action betwccn the llnear fore and aft Internal mass  
flow along the length of the jet englne and an angular True A i  rspeccl - 
velwlty of the airframe itself. For conventional turbo- 
jet figltters 16 appears that t h k  effect is small enough to Figure  IV -35  Typicir l  E f f e c t  o f  Speed on Jet  
be neglected, but for rocket powered missiles It can be- Enginr T l ~ r i r s  t  (a1 t i  tlrde nssumed c o n s t a n t )  
cotale slg!rlfici~nt. *) 2T 

- Is glven by the slope of these curves, and It can be 
du 

1. Dlrect Thrust Effects seen that 'Its magnitude Is qulte small slnce the curves 
a re  relatively flat. Thls Is chnracterlstlc of present- 

Consider the direct thrust effect on the pitchlng mwnent. day jet engines, and consequently, the thrust stablllty 
Wllerl the tllrust vector (T) passes through the center of derivative JL. usually In dynamic stablllty 
gravlty of the atrpl:uie, there can be no resultant p~ tch-  au 
Ing moment acting on the airplane. However, the Ulrust analyses. 
cart act along an axis located some dlstance (arm 2,) 
from the center of gravlty Flbwre N - 3 4 .  If jet engines are  mounted outboard along the wlng span 

of an a l r f rame,  a contribution to  the lateral  stablllty 
The jet thrust moment M,, Is given by: derlvatlve c arlscs because of the difference In thrust 

u 
resulting from the different effective forward speeds 

hlT  - 'TX., of cnglnes mounted on opposlte s ides .  Slmllarly jet 
englnes mounted above or below the center of gravity 

Converti~tg M T  to a moment coefflclent: of an airframe contribute to the longitudinal stability 

'I' z 
derlvatlve c, . However, both these contributlons a re  

C,, . -1 a 
Y Sc functions of the engine characteristics shown in Flgure 

N - 3 5 ,  and It has already been concluded that these 
c 'g .  /-j - .il-&4r characteristics produce negligible effects. For ex- 

/ - ample, calculations were made of the direct thrust effect 

' ; = 4 : -  
on c,,, for the Northrop YB-40 Flylng Wlng Bomber; 

elght jet engines were mounted along the wing at re-  
t ' i f iure  I V - 3 4  J e t  Thrust Moment latively large distances from the cenler of gravlty, and 

even In thls rather extreme case, the change In C n r  due 
This thrust moment coefficient C , must be balanced to this jet was ody of the order of a few percent, + ' 
oul by an aerodynamic moment coelllcient, C ,  , when 
the alrfranle i s  In an equilibrium flight condition, thus 2 .  Direct Normd Force Effects at the Air-Duct Inlet 
crct;ttlilg a colttribution to the stability derivative para- 
m e t e r s  ( n u  artd M u  ". Hence this d l rect  thrust  effect II the alrframe Is flylng at some attitude, either In the 
influcl~ces tho longitudinal dynamlcs of the a l r l rame . equlllbrium condltlon or dur!ng a dlst i~rbance,  where 

the local flow entering the a i r  duct Inlet must be de- 
Another dlrect thrust effect a r l ses  because the thrust flected to flow into and dong the duct .axis (Flgure I V -  
output o f  j e t  eltglrle at a consta l l t  throttle sett ing 36),  the resulting momel~tulrt ctt:l~t~.e of tho air stream 

causes a force rror1n;d to t11c aIrlr,une velocity to act at 
- : ; L I L L ~ ~ : I , ,  I .  C. . 'Dylllunic S t~rb i l  ity ~ r t  tl l ~ h  Spccds the nose o r  IIp of the Inlet. The n t n g ~ ~ l t u d e  of this 
S ~ O I I I  U I I : ~ ~ I - : I ~ ~ . Y  I*'low Tlicory,' J O I I ~ I I U ~  of the Aero- n0rrn.a force Is glvcn by 
r~l~uLtc:irl SCICIICCS,  X V I I ,  N O ,  4 (Al~ril  1050),  232- 
2112, 255.  

*Koc:ri~cr, W. (;. , ' I ) ~ I ~ I U I I ~ C  [,utcrlrl Stiibillty - YU-49 , '  
No~.Lllrol) Ali'cr~rfL Ilci~ort A-110, Nortl~ro~) Aircr'uft, 
Inc. , Iltrwtl~ornc '111 i f ,  , 1949, 



Norma1 Force. mu s 

where m Is the air  mass  flow into the englne and 6 Is 
the angle through whlch the local flow must ,k deflected 
to flow into the a l r  duct inlet. 

Figure I V - 3 6  Normel Force a t  A i r  Duct I n l e t  

Wind tunnel tests were performed on an Isolated nacelle 
to verify the presence d this normal force and to deter- 
mine the point of application along the length of the 
nacelle, * These tests confirmed the magnitude of the 
normal force given by the above equatlon and showed 
that w k n  the nacelle was mcunted on a wlng, the normal 
force at the alr  duct inlet due to the air  mass  flow was 
about twlce a s  high a s  for the tsolated nacelle. Thls 
difference was caused by the upwash ahead of the entry,  
due to the wlng (see Ngure W-36). Thus, In calculatlng 
the normal force at  the a l r  duct entry, it Is important 
to deal with the local  flow at  that position, and not 
merely wlth the relatlve wlnd vector assoclated wlth the 
complete a l r f rame.  

Since the air  duct lnlet i s  usually ahead of the center 
of gravlty, thls normal fo rce  glves r l s e  to a nose-up 
pitchlr~g moment whlch increases with angle of attack, 
thus creating a positive Increment of the derlvative 

C., 
; this change tends to be statlcally destabil izing.  

The small positive increment to cL, due to this effect 
Is negllglble. 

A similar conditlon exlsts In sldeslip, where the force 
at the a l r  duct entry Increases  the magnitude of the 
stability derlvative CYB and normally decreases  the 

derlvative c,, these changes a r e  In a direction to 
8 ' 

make the c ra f t  stat ically l e s s  s table .  Calculations 
on the e lght- je t  flying wing YB-49 showed that the 
rnaxlrnum Increase In cyB wasof the order of 10% when 

conslderlng thlv flow deflection effect, but the decrease 
In C, lp  was negllglble for  this conflguratlon because 

of the short effectlve moment a r m .  

Dependlng upon the a l r f rame configuration, other sta- 
bility derlvatlves may be affected by this airduct lnlet 
normal force effect. If the jet engines a r e  mounted 
at relatively large distances from tho center of gravlty 
of the airframe, forces and momenttl wlll be developed 
*Souire, l l . O . ,  ' J o t  Flow und ~ t s  E P f c c t ~  01) ~ 1 ~ -  
c r u f t , '  Alrcruft Engincorlng ( B r l t i s l ~ ) ,  MII ,  NO. 

253 (Murch 19501, 6 2 - 6 7 ,  
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at the alr  duct entries when the alrframc Is undergoing 
pitching, rolling, and yawing vclocitles, leading to 
contributions to such derivatives as  C m g ,  C , , , ,  and c n r .  
For  most c a s e s ,  however, these contributions a re  
negllgibl y small .  

3. Induced Downwash at the Tall Due to Jet Inflow 

The third contribution of the jet engine unlt to the a i r -  
frame stability Is the effect of the jet-induced downwash 
a t  the horlzontal ta i l .  This i s  caused by the high- 
velocity jet exit stream sucking in the slower-moving 
air  in the vicinity of the jet. 

Ln practice, thls effect need be considered only for those 
configuratlons where the jet blast passes under or over 
the horizontal tail surface. On airframe confi y ra t ions  
where the jet exit Is located In the extreme rear of the 
fuselage and the tall surfaces a re  ahead of the jet exlt , 
thls flow effect may be neglected. 

The resulting change in downwash varles with angle of 
attack of the alrframe and wlth the jet velocity. 

As far a s  affectlng any of the stabllity derlvatives used 
in dynamics is concerned, the jet-Induced downwash 
modifles prlmarily the static stabillty derlvative Cmy 

slnce the jet deflection is a functlon of angle of at tack.  
However, a s  statcd, this is found to be small. No doubt 
there would also be contrlbutlons to derivatives such 
a s  Cmi and c, but no pertinent information seems 

0 ' 
available at present .  

When an alrframe Is sideslipping there Is an asymmetric 
inflow Into the blast of the jet or  jets which induces a 
sidewash at the vertlcal  tai l .  For instance, for an 
aircraft  conliguration slmilar to the Gloster Meteor , 
where the jet englnes a r e  mounted outboard along the 
wlng, the lateral derivative cop Is reduced brciiuse of 

this jet-induced sidewash effect; however, no infor- 
mation on the magnitude of the reduction is available. 

(h) EFFECT OF UNSTEADY FLOW 

Although the effect of urlbtcady flow OII  stability de- 
rivatlves has been takc~l into consideration for many 
years  in aerodyna~nlc flutter ,  only recently has this 
effect becorne Important in stability and control con- 
siderations, mainly a s  a result of the higher operating 
speeds of today's aircraft .  

Most unsteady flow effects ar lsc  from the fact that the 
flnal steady lift caused by an abrupt change ln angle of 
attack of a liftbig surface does not occur Lnsta~rta~rcously . 
Thls i s  Illustrated In Figure IV-37, lor a two-dimeri- 
slonal wlng. The t ime to rc;lcll QO(h of the flnal Illt 
value,  A t  , v a r i e s  roughly between .Ol and . 2  of a 
second, depending on tl~t? geometry 01 thc wink: and the 
speed at whlch It Is flying. 

For an osclllall~ig wlng, wllerc l l ~ e  a ~ ~ g l e  of ;~ t I :~ck  Is 
v u y l ~ j i  sii~usul .~. '\y, l l~e  llft will lullow si~ruso~d;rlly bill 

















CHAPTER V 

METHODS OF OBTAINING STABILITY DERIVATIVES 

SECTION 1 - INTRODUCTION 

The purposes of thls chapter are  to present a brief de- 
scrlptlon of various methods and techniques in use today 
for the determination of numerical values of stability 
derlvatlves and to discuss  the relative accuracies of 
these methods. The primary reason for the inclusion 
of thls materlal i s  its value to the designers of the air-  
frame, the control surfaces, the control actuators, and 
the autopilot. These engineers must necessarily be 
concerned with the interpretatlon of aerodynamic sta- 
bllity data and with the evaluatlon of the accuracy of 
these data if they a re  to arrive at an integrated system 
deslgn. 

Conslderations relating to the accuracy with whlch aero- 
dynamic data a r e  known a r e  of extreme importance In 
the integration of system design. For example, it 1s 
qulte posslble that the estimated stability derlvatlves 
for a given alrframe may be known to be Inaccurate, 
perhaps due to insufficient or questlonable baslc M a r -  

mation from which to compute the derlvatlvee; this 18 
particularly true, of course, In the transonic region. 
U the designers of the specialized components are  all 
alert to this situation, their various apparatus can then 
be designed with rmfflclent tolerances to take into account 
the potential inaccuracies of the derlvatlves. 

In general, there are three methods of obtaining stabllity 
derlvatives which can be listed in the following order of 
Increasing accuracy: 

1. Estlmatlng from theory and related emplrlcal 
data. 
2 .  Model testing. 
3. Full-male flight testing. 

Each of these three methods will be considered In the 
followlng pages. 

SECTION 2 - ESTIMATING FROM THEORY AND RELATED EMPIRICAL DATA 

In the preliminary deslgn stage of an Integrated a l r -  
frame-autopilot-controls system, the exact codlguratlon 
of the a l r f rame i s  not known; consequently, stability 
derivatives must be estlmated In a rather general man- 
ner to establlsh thelr ranges of values. Slnce It i s  Lm- 
practical to perform model tests on all the various con- 
flguratlons which may arise at this stage of the design, 
the rlecessary stabllity derivatlve data can be obtained 
only from theory and froin related empirical data on 
tilmllar alrframe conf Igurations. 

In general, the recommended procedure is to assume,  
flrst of all, a certain alrframe conlib~ratlon or a strlctly 
llmlted range of c o ~ ~ f i y r a t l o n s .  Then, by consulting 
a few bnslc theoretical reports, stabillty derlvatlves for 
the low subsonlc reglon can be estimated. References 1 
and 2 ,are very useful In determinlrrg the characteristics 
of the wlng alone. References 3 and 4 provlde a means 
of evtirnating the longitudlnal derivatives for the com- 
plete a l r f rame,  and Reference 5 summarizes rather 
con~pletcly the lateral derivatlves for the complete a i r -  
f rame.  

The next stcp.lnto estlmnte the effect of Mach number on 
the stabllity dcrlvallvr~s In thc subso~~lc  region ( o < M <  .Q) 
py ~ J I I ~ Y ~ L C :  the I 'rmdtl-CI:~u~~rt rule of oun~l~~.csslblllly . 
I h l s  mctllod cc~nhists of n~ul l fy~ng the l i f t  curve siupcls 
of the wirll: aid thc hurizuntad and vertlcrti taus  ;IS func- 

tions of Mach number. References 5 and 6 provlde 
methods of procedure and design charts for thls modiii- 
cation. 

For the transonic, and the low supersonic region 
(, oc~c1.5) , theoretical methods of determining stabillty 
and control derivatives for the complete alrframe a r e  
practically non-exlstent. A s  a resul t ,  the deslgner 
must resort  to various empirlcal data on slmllar alr-  
frame configurations. But because there is  no theory 
whlch can be used as  a gulde, the trends lndlcated by 
emplricai data are  diificult to correlate, and thls prob- 
lem Is further complicated by the fact that the data ob- 
tained by all the varlous techniques appllcable to tran- 
sonic investigations may be unreliable or  inaccurate 
o r  both. Apparently the best method of estimating sta- 
blllty derivatlve values in the trrmsonlc reglon at present 
i s  to use correlation plots showing the varlatlon of the 
stabillty derivatives with Mach number, for varlous 
types of aircraft ,  

For the supersonic reglon (M 11.5), Ilm1tc.d theoret~cul 
methods a r e  agaln available for estlmatlng values ol 
stabllity dcrlvatlves. In jicncrnl, the higher tllc supcr - 
sonic Mach rlunlbcr, the more re1l;ible the thtlury. H t . -  

ferences  5 ; i r ~ t l  7 prescnt vc1.y good S U ~ ~ ~ I : I ~ I C S  and 
blbllographlcs of ava~l;tblt! l i terature for esttlriatint: 



.':::!::. !.lie t i c s l g n ~ r  has c s t lma ted  the hI;ich number 
cflilc':: U I I  ihc stab!llty dcrlvatives, he sholrld conslder 
tile I~-:i~o:.l:int. e f f e c ! ~  of any of the other factors dis-  

cussed In Szctlori 5 of Cl~i~i>t\:r IV.  For e:::kr~l!)lc, vilth 
a s::,c!)tbacl: \.iu~:: o I  r~~cclur;il!t n::l:c.ct ri!tlo, acrc~,:l,\:,tic 
effects o!l tile a!;?l~illty tll.!riv; !I,I~:;; itre rluite Irn!~b~.l:ti~t 
and must bc talccn 1.11to a c c u a ~ ~ t .  

Cenerallzed desigi pro,c~!ii~~rc:~ for evaluating tile eficct 
of these factors on stability c!crlva:lvcs a r e  1101 avail- 
able. Each eflect must be 1nvc:;tlgated ln the llglit of Its 
particular applicatio~i. 

SECTION 3 - MODEL TESTMC 

'I'c il11;~~'l:ie tilt. accllracy of the stablllby derivative estl- 
ITI:!:~::; bzsed upon theory and related empirlcal  d a t a ,  
:~:odcrl:; duplicstlng th? geometry of the contemplated full- 
scale i*.lrfrarnc a r e  usually bullt and tested. In f ac t ,  
modc! testing has become such an Important sclence 
t ! ~ t  I t  i s  now considered indispensable to alrcraft  de- 
veiop~ncnt. 

I!I npplylng the resul ts  of model tests  Po the full-scale 
alrl~lanc, there Is an important scale re!atlonship whlch 
must be taken hito account In the Interpretation of da ta .  
This scalc relatlonshlp of geometrically slrnilar objects 
Is glvc~l by the noo-dlmenslonal parametcrpyi/p,which 

The present day wlnci tunnel Is gexerally r eco~n lzed  as  
being almost indispensable in obta~nlng aerodynamic In- 
formation concerning specific aircraft  design conflgu- 
rations. Many different klnds of wlnd tunnels are  In use 
throughout the country, each of which has Its particular 
advantages for certain types of testlng. Most of them 
can be classified a s  "conventlonad type tunnels." 

1.  Conventional Tunnel 

In general ,  the conventional wlnd tunnel conslsts  of a 
tubular channel formlng a closed circult through whlch 
a l r  Is circulated at high veloclttes. 

Is cal!ed the Hteynolds number of the particular scale- During tes ts  In thls type of tunnel, the model remalns 
flow con~blnatlon. In this p:lrametcr, p Is the der~sity s t a t l o ~ m y ,  and the varlous aerodynamic forces and mo- 
and p the vlscoslty of the medium (a i r )  tllrough which rnents acting on the model a r e  measured by means of a 
thc body moves; V Is the forward veloclty of the body balance system o r  by straln gages mounted on s t ru ts  
wlth respect to the nicdlum; and i is some character-  to whlch the model Is attached. 
lstlc lengtf~ ud the body (usually tlie menn aerodynamlc 
chord of the wlng) m?asured In the dlrection of the alr  Conventional wind tunnel testlng Bs concerned with deter- 

mining the derivatives which are  not rates of change wlth 

When the numbers of two flows a re  equal, the time, the so-called "static" stability derivatives. The 

f l o w  ch;,r;wterlstjcs arc dynamlca]ly similar, ~ ~ ~ ~ ~ , h ~  USU" pprctlce 1s to obtain six basic data; three f o r c e s ,  

a model and 3. full-scale alrcraft  operating at the same lift, drag, and slde forces; and Ulree moments, pltchlng , 
speed Ln tlie sanie atmospheric conditions, P ,  V,  and yawing, and rolling moments. 

p are tllc same, but the Reynolds number ol the 'rndel-  
flow combin;itlon Is lower than the Reynolds number of 
the airpliu~e-flow comblllatio~i in direct proportion to the 
slzc of tlie model. 

tunnel data.  
Ful l -sa le  aircraft operate In a Reynolds n u m k r  range of 
0 , 0 0 ~ , 0 0 0  to 100,000,000, wilereas model testing 1s done Z, the lateral case,  the coefflclents C , ,  C,, and C,  a r e  
In ;I !ieynolilu ~iunlbcr range of 500,000 to 10,000,000 . a function of sideslip angle 4; therefore, the der ivatlves 
St ;~bl l i ty  der lvat lve  data based on model t e s t s  pe r -  

C y p  , C n B  and C ,  a r e  obtalned froni wind tunnel data .  
forrllcd at Reynolds nunibers of 6 ,  000, 000 or  more may B 
Ilc cor~sidered directly applicable to the dull-sca1.e a i r -  
j ) l ; l ~ l t > ,  t>uL if ~ I I C  model tests a re  performed at Reynolds 
11ur11l:ers of l e s s  than 6 ,  000, 000, Lb is likely that the Also obtainable from these tests  a r e  the control effec- 
:,tatj!llty derivative valucs wlll r equ i re  n~odificatlon tlvenesses and the related derivatives such as:  CLIE 
l ~ c f o r e  !hey ~ : ; I I I  bc applied to the full-scale a i rp lane .  
011(1 c l  t.he difiic:ultics in uslng model test data I s  that 
111~ :  ~:i!ccls of Ilcynolds nutxbcr a re  i l l  m ~ s l  cases quan- 
L ~ I : ~ f i l / c ' l y  unl)rcdir,t;tl)le, 2nd the correct  1nterprct;itlon 
I>[ t l ~ c t  c?;tLa is larl:cly ;I an:lttcl. of judgment based or! 
l:~.[~l!I'!c!lCe, 

' 1 ' 1 1 1 . 1 , ~ .  ;il.c: ~ W ( J  I ! I . I I I . ~ ; ~ I  I Y I J ~ : ~  01 nilxit:l Icsl ir~~.:  wh~d 1u1111el d~ bCbH 3chR XhA 3Ch 
I I , . ~ I I I I ~ :  ~ I I I C ~  I I I ( I ( I I . ~  I I I I ; I I ~  Ic:,l.i111;. r!'i~c::,e typeti i11-t: COII-  d C ~ l  E . . . . . - . . .  .. _ -  -4 

3 '  ; la ' . 3 b ,  ' d j 1 8 3 b , '  3 a  :;ltl~.l.~.tl 111 dt- l :~il  111 1111. lo1 l o w i ~ ~ ~ :  ;);rjics. 

( * I )  i ~ ' l 1 4 1 >  ' l 'ul ir i l~:! ,  ,rlc:>;'~: I ~ ' l ~ ~ a l l y ,  tllc la~;~jol .! t  y of Iostlr~g pru(:ri~t~r:i I r lvc~lvi~~~:  



Ch:iptcr V 
Section 3 

: ~ I ~ . f r ; ~ r n c  confl~;uratior~s in conventional wind tunnels 
I~icluclc the detcrmlnaticn of the chiiracterlstics of alter- 
able :iirframc geometry; such a s  flaps, s la ts ,  speed 
brakes,  landing gear ,  and s o  forth. In addition, the 
ellccds of power and free controls a re  sometimes ob- 
tained. 

Wind tunnel data are  not always as  accurate a s  might be 
desired and the results  must be interpreted by experl- 
ericed personnel. For some stabllity derlvatlves, such 
a s  C L a ,  the experimental results provlde satlsfactorlly 
accurate values; in cases such a s  C, , Caa  , C m h r  , C l  , 
the wlnd tunnel data may not be dlrectly applicahe to the 
lull-scale a l r f rame because of Reynolds number and 
aeroclastic effects.  

Some of the sources of er ror  In conventlonal wlnd tunnel 
testing are: 

a .  Scale effects due to the low Reynolds number of 
the test. 
b. Choklng phenomena at  hlgh subsonic Mach num- 
bers.  
c .  Inaccurate corrections to the data, such a s  tare 
and alignment correct lons  and wall co r rec t lons .  
d.  Incorrect dupllcatlon of power effects. 
e .  Inaccurate rcpresentatlon of drag by omlssion 
of some protuberances. 
f .  Use of solid wood models having lower percentage 
structural deflectlons urider load than does the alr-  
plane. 
g. Mechanical and instrumentation discreparicles 
involved in the measuremat of forces and moments. 
h .  Human e r r o r s  that a r e  likely to occur In the 
testing and data reduction. 

An understandlng of the sources,  the Impdrtance, and 
the correction of e r r o r s  ie essential for interpreting 
the results d wlnd tunnel tests. Reynolds number effects 
appear to be prominent among these sources of e r r o r .  
F o r  exaniple, at low Reynolds numbers,  there Is a 
tendency for boundary layer separation to occur at a 
lower angle of attack on the model than on the full-scale 
alrplane, thereby causing ear l ler  changes in such de- 
rlvatlvcs 11s c , ~ ,  cLy , and c l d  asfunctlons of equilibri- 
urn angle of attack. 

In spite of such llmltatlons, wlnd tunnel testing is a 
powe~.ful tool In the hands of the deslgner if he exercises 
great care in test procedures and In data in!erpretation . 

2 .  Rolling Flow 

The basic purposo of the rollll~g flow tu~lnel is to dupll- 
cate,  a s  accurately a s  possible, the flow patter11 con- 
ditlufis wliich cxist around Ulc :rlrfr:ulic wl1c11 It exccutus 

There are two diffcrcrit testinl: tect~niqucs uscd to sinlu- 
late the rolllng motion of the alrplane. l'lie first of Uiese 
has been developed at Langley Fleld wliere NACA has  
constructed a stablllty tunnel liavlng a balance system 
which C;UI be rotated. The model to be tested Is mounted 
upon a support which Is f ree  to rotate, and a small a w -  
Illary controllable-pitch alrfoil, whlch ls attactled to an 
a r m  on the model, c r e a t e s  the force needed to rotate 
the model. Thls technlque Is called the "rolling-wing" 
met hod. 

In the second technlque, also developed by NACA, the 
model Is held statlonary aiid tlie airstream In which the 
model Is immersed i s  rotated by means of a rotor equlp- 
ped wlth a series of curved vanes. Thls technlque iscall- 
ed the "rolling-flow" method. 

One advantage of the rolllng-flow technlque over the 
rolling-wing technlque Is that It permits all forces  and 
moments to be measured wlth the model mounted on a 
conventlonal balance system. But on the other hand, 
this method does not exactly simulate the conditlons of 
an alrplane in steady roll or  of a model In forced rota- 
tlon, for there is  a bulldup of static pressure near the 
tunnel walls due to celltslfugal force acting on the rotat- 
Ing alr, whlch results In a pressure variatlon along any 
radlus, a cmditlon which does not exist when an airplane 
rotates. However, tliis pressure vaslatlon effect prob- 
ably does not play an important part Ln most tes ts .  

Both these techliiques appear to be attractive methods 
of obtaining rolllng moment derivatives; data obtalned 
from tests show them to be 111 consistent agreenient, and 
In addition, such data check closely with calculated 
values of c . + 

I P  

3 .  Curved Flow Tunnel 

The curved flow technique of measuring stability de- 
r lvatives due to yawing veloclty, r , and to pitching 
velocity, q , Is somewhat s imi lar  i n  principle to the 
rolling-flow technique, The air flow in the wlnd tunlie1 
follows a curved path il l  the vicinity of t l~c  model a t d  has 
a velocity varlatlon nornlal to (he circu1;kr arc streani- 
lines in direct proportion to the local radius of curvature 
of the flow. Such ;i flcw Is 111;tde posslblr by  u s i n g a  
curved test section 111 combi~i;itto~l with a v;~ri:~blc-m'sh 
screen design~d to for111 a retluced veloclty r c ~ l o n  OII the 
Inner side of the curvcd sactlo~i.  

i 
i- 

a IJure rull~rl(: 111otlon In ~rctual flight. 'I'he rolling flow 
tecll~ilque call glve cx])crirncntitl v;rlucs f o r  the t l~ rco  

Mi~cLi~cl\lii~i, 1Lob~1.t~ I L I I ~  I.L%~.!W, Vi 111 I I I I I I ,  ' \ ' C ~ I ' I ' L , ~  111 I ~ I I I  
s1;ibility dcr ivat lvc?~ due to rulllng vcloclty, IJ ; tliey ul. 'f,,, l ~ , l , , . , . , , , , l . , l l ~  hlllt~,,,,l~ I ~ ~ ~ ~ , J I . I I I I I I I I I ~ :  1111' I:o11 III,: 
a1.c: llle ~ i d c  force ~oeff lc ic l i l  duc to  roll ,  C, ; tllc (;1111rii(:t,~1~i:;t I , , , .  0 1 '  u ~ i : , w t ~ l ~ l  \ b t l i~s ,  ' Nt\l ' ,A ' Y ~ , c ~ I I I  1 ~ , 1 i l  

u NuLc ,  'I'N 1 : l ~ l ! l ,  I *ill,: l , , y  I,\, i\1o1.11~1 A t s r t ~ ~ \ ~ i i i L l ~ ~ t  1 I.~ib~~i'il- 
y . i w ~ ~ i l :  I I I ~ J I I ~ ~ I I ~  coulliciul~t due to roll, c,, ; : I I I ~  tile roll L o I . ~ ,  I , n ~ ~ ~ l t > y  1. '1~!1<I, VIL. . h l ~ y  1:1.17. 
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Scclloll 3 

'1 '11~ rnodrl Is. flxcd to a conventlonal balance s y s t e m ,  Data derlvcd by the forced osclllatlon procedure a r e  not 
:rrld !I112 ~ D ~ C C S  and moments  acting on the model a r e  expected to be a s  accurate a s  those obtalned by the f r e e  
~nc:a:;urcd a s  functions of c l thcr  yawing velocities o r  oscillation technique because  of the dlfflculty lnob- 
pit(: h t r ~ l ;  velocltles dc[)cndlr~g upon the or  lentation of the talrilng records free from random disturbances. On the 

other hand, forced osclllatlon enables one to determlne 
results  Ln the high lift coefflclent range where dlfflculty 
Is experlenced with f r ee  osclllatlon. 

l'hc curved flow technique does  not exactly reproduce It should be polnted out that el ther  of these osclllatlon 
tllc co~ld l t lons  of an alrplane flylng In a curved pa th ,  techniques glves the t* damplng of the system whlch 
s l ~ ~ i : e ,  for  the model, Ulere Is a stattc pressure  gradlent 1, the longitudinal case  @ltchlng) 1s (c + c,.) and in the 
c r e ; ~ t e d  by the centrifugal f o r c e s  on the a l r  m a s s  In ='9 a 

rotation, which c a u s e s  an apparent  l a t e r a l  buoyancy. lateral case  (yawing) Is (c,, - cn. ). Thus, the lndlvldua8 
Correctlons for thls effect can be calculated and applled. r B  

T)ilu static p r e s su re  gradlent a l so  produces a tendency values of the damping der lva t lves  C,,,, cmh , cnr  , and 
for  boundary layer  a l r  on the model to flow toward the 
center  of rotatlon, a tendency opposlte t o  that In actual 'nl, 

cannot be determlned f rom osclllatlsn Ocsts a lone ,  

fllght. Thlv effect cannot be evaluated accura te ly  a t  slnce the total damplng obtalned Is composed of the ~UIJ 

present, but It i s  known to  be of secondary Importance . of the respective pa l rs .  
Turbulence 1s a l ~ o  a secondary compllcatlon not readlly 
amenable t o  mathematical ana lys ts .  If the values of c,, and cm arc detesmlned for a part l-  

r 9 
cu la r  model by means  of the curved flow technlque, It 

Heasoriably good agreement has been reported 1s theoret ical ly posslble t o  determine the derlvat lves 
the curved-flow technique, the free osclllatlon technique , cnp m d  c,, by performlng oscfllation t e s t s  on the s ame  
and the calcu1;ited resu l t s .  In general ,  data obtalned a 

from the curved flow tunnel t e s t s  111dlcate sat lsfactory 
measurement  of the ro ta ry  cha rac t e r l s t l c s  cautsed by 

In practice, however, the use of thls procedure may be 
yawing pitching and the at tained somewhat limited by the baccusacy of the data involved 
Is consldered superlor to that of such other techniques In the two types of testlng. 
a s  the var lous  osclllatlon and whlrllng a r m  methods. 

Comparlsons of f r ee  osclllatlon and curved flow tech- 
4 .  Oscillation T e s t s  nlques lndlcate satisfactory agreement  for moderate 

llft; however, a t  hlgh llft coefficients, dlfdeslng values 
Anotllcr method of attacklng the problem of evaluatlng of C, a r e  obtalned by these two methods. ** 
th2 rotary damplng derlvatlves Is the model osblllatlon r 

technlque. Thls method requlres elther (a) free oscllla- 
Further  comparisons of the resu l t s  obtalned Prom both 

Or (b) lorced osclllatlon the In e i ther  free and forced osclilation techniques those from 
the ls In  a wind cu rved  f low technlques lndlcate s a t  isfacbor y ag ree -  

on a slngle s t ru t  a i d  is  f r ee  to rotate essentially as a men t .  * 
one-degree-of-freedom system in e i t l ~ e r  pitch o r  yaw. 

5. Free-Fllght  Tunnel 
hi Uie free oscUlatlon method, a torslon spring provldes 
restoring moment, s o  that a damped o.scillation results  In the f ree- f l lgh t  tunnel technlque,  the model  Is not 
f rom mere ly  d l s l ) l ; ~ c l ~ ~ g  and re leas lng  the model .  An attached to any sort of balance system, but is 
osclllcgruph or  high-speed motlon picture c a m e r a  r e -  to move freely wlthln the test section of the tunnel. The 
cu rds  the resulting nlotlon. The total damplng Is Ulen model has movable control  su r f ace s ,  and i t s  niotions 
evalualcd fru~rr ttls decay of the amplitude of the oscL1- 
la1 tun. * Hird, John U., Juquct, Byron (M. ,  u r ~ d  Cownrl, l ) h n  W . ,  

' E l  l cc t  of Fusclacc 11nd 'Pull Surfaces on Luw-Speed 
'I'he forced usclll;~tlon method i s  somewhat more  com- Y u t v ~ n g  ~ l ~ i r ~ . n c L c ~ . ~  s l t c s  of I I  S W L ~ ~ J  L-IYi I I C  hl~)tlcl I I A  Ulster- 
l ~ l r x ,  fur I I  rcqulrch II 111uch;inlm1 dc-lgned to malritaln I I I I I I ~ Y ~  ill Cc~~.vc.~!-l.'li~w l'cxsL S~~ct1o11 01  l.11111:lcy St~tbi l lLy 

'Tu111ic~1, ' NA(,'/\ 'l'(,c:11[1 1~:1il N o  LC, 'IN ?.4tl3, l,riti(:l ey , , I ~ , I I I ~ I I  l id 
~1 ntc.ildy ~:,clll;lllull by, ; I I ~ I ) ~ Y ~ I I ~ :  a slllu.iuid;llly varying ,,cl.ollu,l i c l l l  l , l , l , o l .uLory ,  L l , r l G l  oy  c l l l ,  , U c -  
~ ; I W I I I ~  or, 1)ilchln~: 111ot11cnl. O s c l l l u ~ r a ~ ~ l r  or- phuto- ~ U I J L I .  1951. 

~ ; I ~ ~ L I J I I  rccl~l.(l:> ;ll , t!  :illdlyr.~~cl for 2111:Itfi of ~ ~ i l c l l  Llr blclc- 
: ; I l l ) ,  . I I I~ : \ I~ : I I '  sci.c.lur:rll~)l~, ; I I I I ~  ;ipj~llc.d I I I U I I ~ C . I I ~ .  ~ ' I . ( I I I \  * *  ( r o ~ ~ ~ I i , ~ ~ ~ ~ ~ ,  41 V X ,  I I I I ( \  i.,c?i ~ : ~ ~ I I ~ I I I I I I I I ,  I ) ~ L V I  11. ?'l.ltl I I I I ~ I I I I I ' Y  

t111.'.o cl:tL.c, Itlc I I I I I I I I I ~ I I ~ : ~  ;~t:tirl(: O I I  1t11. I I I ( I ( I ~ I  ~1 Z C C O  I IIVI. : , I  I I : , ~ I  1011  it^ I , O ~  : ; I~ I~C~I I : ,  01. : ; \ ~ I , I I ~  I \ I I I~ :> ,  111 Y8itving 
I , ' l t ) \ v . '  Nil(',\ l 1 1 - h ~  l . c s l ~  ~ ~ ~ . I I I I ~ I I I I I I ~ I I I I I ,  l l h l  I ; / l U : ) ,  l i i l ~ l ~ ~ l c l ~  

L I ~ ~ I ~ L ~ ~ ~ ! ~ . I I I ~ J I I  l,.lll 111 '  ( l t ~ ~ ~ l  l l l i l l ( ~ l ~ ,  :lll(l ~ l ~ l l l l l  I~Ic: ,~:  l l lu-  
r l l . l l l ~ J 1  t i l l  ~ \ 1 ~ 1 1 l 1 1 . 1 1 1  1 ' .  .11 ~ . l d ~ J 1 1 1 ~ 1 1 ~ o l ) ' ,  I.llll~:I~'.Y b ' l l . l l l ,  VLL. . 

l l l ~ ~ l l ~ : , ,  111 tulll, 1 1 1 1 ,  11 1 I l I I J 1 1 1 ~ !  ( \ I . I . I V ~ ~ I I V I . ! I  t . ;111 \ ) I !  0~11:~\1t~d.  ~ ~ ~ ~ ~ ~ l l l ~ l l  Y , I ,  1 ! ) , l l l ,  



can be c o ~ l t r o l l ~ ~ d  by a humi~n "pilot" who flies the model 
a s  he  would 4 full-scale a i rc raf t .  

Thc  free-fl11;ht tunnel Is not used pr lmar l ly  to obtaln 
s p c c i f ~ c  nurnerlcal values of stabillty derivat ives,  but 
rather to study the general stabillty and control behavlor 
with rclercnce to deslrable flying quallties f rom a pilot's 
vlcul>omt. However, It i s  possible to obtaln quantitatlve 
stab~li ty derivative data by analyzing motlon picture re -  
co rds  of the response  of the model to control inputs .  

The advantage of this free-f l ight  technlque i s  that the 
low speed overall dynamics and handling quallties of a 
particular aircraft  conflguratlon can be Investigated In 
the preliminary deslgn stage. Various charac ter l s t lcs  
can be determined, such a s  elevator required to t r i m ,  
damping and period of the longitudinal and lateral oscil- 
latory modes, spiral  stabllity, response to control In- 
puts, and s ta l l  behavior. 

Somc of the data from free-flight testing have been found 
to  conflict with full-scale test data.. * The ear l ie r  bound- 
a r y  l a y e r  s epa ra t i on  on the model  due to t he  lower 
Reynolds number very likely accounts for the la rges t  
portion of the disagreement. Stall charac ter i s t ics  a r e  
not too clearly demonstrated by the free-flight model ,  
and spiral  stabllity is  difficult to measure ;  but the tes t  
Is useful for  comparisons between different flight con- 
d l t i ons  and d i f f e r en t  conf igura t ions .  Considerable 
scatter In observations Is Ll~evitable because steady con- 
dltions c:mnot be obtained before application of the con- 
t rols .  

T h e s e  va r lous  I n c o n s i s t e n c i e ~  and quanti tat lve d is -  
agreements  wlth fu l l - sca le  data a r e  appreciable,  but 
It Is bt>lleved that, with ,m understalrding of their nature 
and m:~gnitude, corrpct general conclusions can be drawn 
from the model data regarding the stabillty and control 
of tile airplane represented, particularly where an eval- 
uation of the relat lve mer i t s  of different modlflcatlons 
i s  d c s l r e d .  

6 .  Whlrling Arm 

The whlrllng a r m  was one of the ear l les t  experimental 
methods devised for testlng models. In this technique, 
the rntdel a ~ d  Its balance system a r e  attached to a long 
artn,  and the whole assembly i s  rotated at hlgh speeds . 
By this m m s ,  yawolg (or pitching) motion of an airplane 
Is f l lgl~t  is simulated,  atid it Is posslble to de termtne  
values of derivatives such a s  CYr ,  C n r ,  C i , ,  c iQr  and 

Unfortunately, the model operates In the turbulent wake 
created from each prevlous revolutlon of the apparatus 
and U l i s  imposes n severe Iln~ltation on the accuracy and 
consi:;tcncy of the datii obtnmcd. In addltlon, the balance 
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system I s  subjected to centrifug;d force due to the rot:r- 
tion, and la rge  corrections must  be applied to account 
for  thls  effect. 

F o r  these reasons ,  the whlrllng a r m  technique i s  no 
longer wldely used; it has been replaced by the more  
accurate curved flow tunnel technique. 

7 .  Transonic Bump Tes t s  

Wind tunnel testing in the transonic range Is extremely 
difficult and unreliable in conventional tunnels because 
of choklng phenomena between the model and the tunnel 
walls. 

One method of obtalnlng data in the transonlc reglon Is 
to modify existing high subsonlc wind tunnel test sections 
with a suitably contoured bump on which small reflection 
plane (half-span) models can be mounted. Even though 
the tunnel is  operating at subsonlc speeds, the Increase 
in flow velocity over the bump crea tes  a localized a r e a  
of transonic and supersonic Mach n ~ m b e r s .  Because of 
the smal l  s l z e  of the model used, tunnel choklng phe- 
nom ena a r e  avolded . 
One disadvantage of this method Is that the local lncrease 
in velocity over the bump Is not unlform; there Is a velo- 
city gradient  a s  a functlon of dlstance away f rom the 
surface of the bump. Thls means that the model i s  sub- 
jected to a Mach number gradient in the directlon of the 
span. 

Another disadvantage of thls method is that the data a r e  
obtained at  low Reyr~oids numbers because the models of 
necessity must be very small  - approximately six inches 
In half-span. 

TheMachnumber gradient and t h ~  low Reynolds numbers 
of the tests  a r e  the Lnevitable penalties for the avoidance 
of choking, and they some t imes  const i tute sufficient 
reason  for  skeptical attitudes toward bump model tes t  
resu l t s .  

From transonic bump tests  only static longitudlnal s ta-  
billty derlvatlve data can be obtained such a s  CDa1 CDU, 

Because half-span m d e i s  a r e  used, no static directlo~lal 
stability derlvatlve data a r e  obtair~able.  

8.  Supersonic Tunnel 

At the p r e sen t  t ime ,  the deslgn trend for  supe r so t~ l c  
tunnels i s  toward the cutlver~tional tunnel arr;~nl:erncrlt 
through which the a i r  o r  any s l~ec l a l  gaseods workinr: 
fiuld Is circulated cor~t i l~uoi l s ly  in a c losed  c i rcu l t  . 
Othe r  arranjicllwnts llave bee11 or a r c  bcinl: uscd, how- 
ever .  In tllc "blow duwil" type tunllel, for cx:~tnplc~, the 
a i r  i s  p11111ped undcr p~.c?ssu~.e Into n l;irt:c r e sc rvo l r  
before thc test and Is rclci~scd durirll: !Ire ['st to i1t111~)s- 
phcric pressure  thrai~l:ll ;I nrotlcl tcst sectlon 111 wJlich 
supcrsonlc v ~ l ~ ~  l t ~ u s  ;Ire atlaincd. 

Tho n~otlclti :II : I  u:,ually sting rnoul~tctl, and tilc f a r c~ .h  



MOIJ [I~?OI rp![] ;IIII.II~~;I:~III .IOJ q;:~:~l,~:~p r::~,~!s:) ;IIII,I,: 111 

'Ii~il-liOO '(O?GT [IIII! '~:>I*(IIII ,,III ,I;,/,,I 11 I.)~II,II ,.>OIJ ;,111 l,),,;li! ~~-~~~, ll~l~l,!~,; 
.1,>(1,>1,'1i) 01 'I~J '1 rhy '1:.1.'11.'1 .I:: [I'.II )I~I!~~o.I.IV (1'1 1 J I) 

Ill!> ~~lll:~(~.l~l! ,)I\] JO h]~:lO~.~A ;~11~~[0.1 IIIII! ,)[,I!JI! (fl!. I!,[!; 
,,![~.111,>,, ,',)I \,:!:Iiy ',Ill1 llllq 11 111 l:],,.l,l, l'l','l 1;l.- 1 l.l,,l :l]llll': 

~?~~l~~OAl! <lq 1!:1lrlI ~~.)II~)~I~~~,II~] .I~.~~II~~~~~oII~)~! I>III! 'IIIII~:I ,,IIII 
-.I,,,\I ': III>I J .: 111,) I.,I 1) ,I".) .I I!IIIIII il,i1.1.1V .IIIIIV: :111111~1111.~~;~(1 
1,) ~,(t~~),~,~; I,, "(1 IIII(?~ '~;,~~lll~~~~,lIN ~~1111 '.:,I .(1!)1 '~Tll[! . 1: 01 i~l,)?i XI ]!:rllIl !:[o.I)lrn? !;]I JO ll~~]r~~~l ~1111 ':III~; 'JII! 

ar[] Jn aA111 0111 ;III~.I~I([ -lap0111 ,?111 IIC) <;IIO[]IIIIIII,) 1,:,11 
1 v,-t,~~~ \)1,1 JO ~GII,I(IS,>,I o111 s,~l~!~~\~~~.~,~l~p ,IOJ IIO~~I:]II~III ~I)I!~I:: ~~~~~~I~!I~~I~!~~~ 10 KIIII?!JJIP 2\11 !:I ~IOI;~:III~II~ .I;III~~)IIV 

-~,T~~.III II)I,I\ 1111~: TI~.I]LIO~ ~~,~~i!.~:~~lo-n~~)r~.~ I[]IA\ p.)(kI]nba 'll?31]3I!.Td ~JOllI ]l:l[~~~~uJo!; 
pq I:,..' 1.ll~irr1 n1l.L .q)1~1 ]rl;ll[j [I!.I~I~I?:~ 511 arl~tt1.12~~~p 01 

aq 01 n.~ratldc pcrlllntu aql 'r~ol]s.rn3l]uo~ Inlmru .rnlnoll lllc~~ii~l~~ll~,~ ::111?1,71:.11 11:31)110 !1111: .11:1?1!.1 Aq I>n?ln:.l] sl ~;:i?om 
-Jl!d 2 Uo SlS21 .lOJ 'J~A~MoI~ 'SrlOll~~tL'il~1103 Jo Kil~rll: 

ail) '~l~ans.,p 511 :!II~.II~(I '.r;l,>\od jo anJnos or13 sr: Kll~e.13 a,9~1!1 a JO 11ol1c;lll::a~rq ~llcmo~sds c ~oj ~Irrlrr~n.;~~n~-nr~~~~ 
;7~1\'<:1 ::fll{i '~{)Jl:.l 01 11 .~~!l~~(~l~<l.l~ ll3ln P~!-I? S3~lR~~l~ 1[211[ 01 pui: Kl1so;l sl ~~npnao~d slq~, 'uollc.rn:i!juno Inpnmu all] 
12j'3~~: JI[I ~~I~K.I.II*~ jo slslqrron 8rrll;:oj IJ~~U ul s.raqumu u; sa9uc1{3 .roj 01lno.19 ar[l 01 u.rn]nJ lsnw arrrltl.rlr? a111 
I{JI i~ 3luusrlu.rl r111:llo 01 p:l:;n ""711 s~:q q31q8+\ poynw arlQ asnt:3ar{ lq911j Jc~r13ll.rud e 3w.m~ polsa~ aq rnpn unllc~n41j 

-uoa auo djuo 'wqlatu lsal drrrnq arll ucql srnol;l:i\talI 
'lSe' IaPoR '& ~a]cas8 laqmaLuos ol lsalqns sl po,[laur moIj 3uln aqJ, 

-~aqurnu sp~oudau 
'a~qeu~e~qo eae ulep 1c11lpn~1.~uol 3l:njs 

lsol MOT d.~aA ul 3ulllns.7~  puns eJa slapour oql leql GI 
d~10 'euop r(1l~eulp.10 61 st! sla;>ow uude-j~cq 1(1~rn posn 

a3i:luu~pcslp uluw oql !J~E paqsnlslpun qanolyl umol~ wl poqlsur MO~J QU~M aq uaw 'JallJea paqlJnsap a~blu 
e~r slapom etll lvql anblullja~ sly? JO e8clue~pe ugr -q3al uo1lc~ll3so lapour eq1 jo lcrll 01 .reI\urls Jaurrr:ra a 

d 5 ul s3llsjJalneJerl3 ~lunudp 1cuo~l3a~lp ulclqo ol pasn sq 
., 13 a~llc~l~op 3uldwcp 110.1 aql pue '3 osp ma poqqcru MOIJ Bulm aql 'elcp a~llc~l.rap A~l~lqcls 

aAlleAl.rap ssaua~ll3ajja uosalla aqp Suju~elqo ul pue ~e~a~ei pm '1eu1pnl18uoy a~?t?ls Bulpl~o~d oa uolllppv u-j 
suo~lil~n9lpoa lapow tqalia3 JO S3llSlfil3EJVq3 83!11o.? 
eql BrqKpq~ tq d1lnjssa33ns pasn uxiq svq anbluqaa; qq~, 

'pa~lsep oq uea salllao~a~ JE~ -rr03 e apl~0.rd slrratun~lsul 311lpso3a.1 'un~ oq] 19111~na 
-n%m pue scaulI oql 'uollclnalso s1g WOJJ pm !1pa~elq0 * a9~c.l 3luosmn~1 am ri9nosql serJcA 9r1lm sq) un .rac,ernnu 
sl lapour aql jo uollcl~ral~o 1c13ecTs a141 'sqder2oloqd q>sy( eyl leql 0s apn~ll~a q.9111 paulUIJalapa~d or~ros ruo~; 
asaql WOJJ 'd~oj3a[c~l oql JO r(.ro~s!rl qdc~3mopcqfi eu~1dJ11! aql 2ul~lp jo slslsuoa a~npa~o~d Sullsal aq& 
a opl~o~d qqqm suollups qdc~9oloqd po salJss t! sassed 
31 'lq311j 611 Qul~np pua 'un2 1cl3ads e WOJJ paJlj JO '3111~ 5ql 10 DDCJSIIR 
paq311nt.l c~ 'uo~lc~uawn.~lsu~ JO .XFIMO~ 011 3ulhJ.1~3 pUO ~addn oql rlo arroz Kll301a~ pas~a~nlq am ul pas.ramurl sb 
@lam pl~os JO pal3n~lsuo3 'lapow aq& 'suol1e~n31po3 lapour oq~ 'spaads 3luosqns q31q pc rrfiolj sl atrcld.rlc aqx 
e~VldJlt? puc aIlsslur ?sag 01 pa~rll?pr: rtaaq eAaq sun2 UIOJJ uaq~ '8ulm aql q pale~od.103~1 ase lapcllr aql uo sluam 
IJ~J~J salllaa[o~d JO dpqs oql 111 paAIOAU1 sanbluqaal aq& -cm puc sarrsoj ~u~J~sc~UI JOJ wslueqrraur e puc lapour 

eql ?ullcjo.r soj a3lAap ua~l~p-~opour y 'pot[laur dmnq 
sl~ag, rrilslIlB8( 'Z aql JO qcql 01 ~clleuls 61 8u11unow jo ~auucur aql Iseau 

-3lnlql rlmrulx-cw aql JO Kllu-131~ atn ~q aua1d.q~ uc jo 9ulh 
'POI~I~UI ~\OIJ 9u1m aql JaAo sale3 aql uo pa3ald sl '1~emn dJaA aq Isnw qqqm '~apour aqj, 

-uu~pc awos seq poqlalu lsal clrrnnq or[l lcll~ ssaaddc 11 
' s~ol~cj asay1 nt! 9rq.~apysa>3 .!q?rnrq edAp dllsuap-a~qt! ,, -dwnq,, bql se saAJau auqd~lc tqcns-llny; 
-1.r~~ ul Alqc.raplsuo:, pnsca.13rq ,?q 01 Kllsrlap aql smoIle a JO gulm aqq ase:, slq) tq !awes aq; sy MOIJ ~luos~adns 
' prEq .ra1[10 arll tio 'poqlarr~ lsal cirunq Iarlunl pulm aq' Bw3npul JO sauueur aqq asnenaq poqjam lapow lsal cilrrnq 
' a.rarldso~u1c aql JO a~qc.radtun1 34'1 Kq puc lsai aql Jol 3q1 01 aidl3tq.rd w .relpup sl pognw molj zuln~ V~VN oq~, 
pal3alas apnl!llt? arll dq parllruJalap sj dlrsuap phi '3~1~ 
aqq JaAo pla!j moij s1uosrru.rl ar(l yo suolsuatulp raalsKqd Mold 9~1~ 3lUOSUt?JJ, '1 
aril Kq pnl1ut11 sf szis 1q)at"i "1,~ 'sscur J!c all1 lo dlls 
-uap arll prru loporrr aql jo nzss aql an d~c~ 01 K~saql~ ge LS39, LH3I7J 7BCIOM (q) 
sl aau,l!sr~p arn lcr(l .rnc[wnrr sp1ouKou 8ull3ajJT sa[qa!nn 
om1 dp~o or[) 'a8uc.1 ~atltrrnll 113~~:~ ~2x1~ F UI 's;apow 'Iln3!j]?p snA!lcA!Jap K1111qels uo clcp 
uo ~IJO~! 11:]11nru!~Ddxa ~SOIII 111 AGI ~IIJUSS~~~U SI q3lqM ~auunl pvm 3!uos~adns  sour jo uo!]c3!ltlde prn: uo~lrls~tl 
~olamu.1t.d a '.r.;r[tunrr splouAn~q aIuns-lpJ mJy a~rqndap -.ralul aql saycur 4pJnJla a[ax-l[nj all] puc s~npour a41 
~ea.13 arll jo annl:3oq ?so1 sl K~c.rn33c 'qe3c ?JaH s uaainlaq Jaqrtrnu sp1ouKa~ q anrraJnjy!p n8.rr?1 ;lul4lns~.r 
-ap alnos-11nj 01 rro!lun!ldci!: .loj nlt:.rnmvul 001 Klluanb aq,r, 'palsai aq 01 slapur aql jo 371s nril urxln srroIlrl!lull 
-3.1s n.11: "lap ~!olj :Ir~lrn :l~[i II:III Mnr[:T s1r[2!1~ lsal [enlac aJailas sanc~d uJnl Irl rl3lrlh\ llO!l3l.l]S;J.I r: 'tl~:lus ltloy ~q 
~JOJJ c;]lnsaa r(]lh\ s11osl.a1!tl:;iO3 '.71ull 1113sa~d ,?1(1 01 dn n3!43~J(I ~1 'IS~TJ~ ~aurlnl nrl] jo azrs arl] ']~r~wn:lrr~:.r.~i: 

IaUUq ll!UO!lUaAUO3 aql IJI S311129[>A 1[~!1~ K.1.1~ lu .Ill, :)\I] 
'%I! aAlJp 01 paqnba~ ~a.z\od JO slrrnorul: ~:IJI:~ a111 lo nsnl.nntl 

-1,;ol ~'IIII~ 1:~111,\ jr, ~a,~n~l:o.vi K.i;:rr!r).ro a111 olrrl s.ralua 
G.Iol3 :j ?:;.>:!I )o i;lln~l ':!,;.111!-);) ,':) 'n[c~1!3l~~~r~l~l1~ ElC? XI] 'pa1111!1qo acl III;~ *:11~p Al![lqvj< 
.1~;1t.i:1.r I~I;:) f;ll~)~]!~)l~;)3 JI!,';~) :,,.:,. 17 r11o.1~ :~~Io~~~;!~I~~I ri.n:rls Iutrn!lno.I1p pl~e u11:p ;~:u!plll~::rlol ol11,;~ II~I):~ *,;,I;~I::/ 
' Ti;) ,j/ 8 ; * ,T(IJ 12.1,1.1(1? ,I; 1 *,~~~,,i:lr? r~.?~::~~lA~,!~~~lOl~~?.llp lX17J~L: [\!n!.ll33f2 JO Sll.:.:rlI i(1l I? ).Ill:;l.,J 11i ;l.ll: !,111,11110:11 [llil. 

[; lll~Il.1 .; 
'1 .I.', 'I:, I 



'I'hc cti~ef :~dvant;i~:e of Illis method Is that large m d e l s  
c a r  be rn.rdc to p;iss gr;rdu:llly t l~rough the transolrlc 
rei:lon urrder trul'y f r e e - a i r  conditions; i ts  maln d is -  
adv;il~t;c~:c is that the nrcdel and its costly instrumentation 
a r e  destroyed upon inlp;~ct  with the ground. 

'Tl~ls method has bcen used mainly to study lUt and d rag  
characteristics of various wing configurations on mls-  
s l l c s .  The applicat ion of the f r ee - f a l l  technique to 
determining dynamic characterls t lcs  of models has not 
been developed to any great  extent, and it appears  that 
any  developmenta l  work along these  l ines  h a s  been 
supe r seded  by the rocket-powered model technique.  

4 ,  Rocket-Powered Model Tes t s  

The most proa~is ing  of the free-fllght model techniques 
is that employing rocket-powered models .  This  tech- 
nique docs not differ greatly frorn the drop-test  method 
except that tile model c a r r i e s  its own power in the form 
of a rocket .  The model Is acce lera ted  to supersonic 
spccds by means of a booster rocket, which then sepa- 
r a t e s  IITXU the model, pcrmltttng the model to coast back 
ittrough tile t rmsonlc region. 1x1 some ca se s  the model 

itself r : r r r ies  n smal l  ;l~ldiliunal rocket  motor wi~ich 
extentis lllc t c s t ~ n g  run t ime,  

The model contnlns Irrstrumentation to pick up i t s  dy- 
namic motlons, vld Urcse data a r c  tclemetered to g rwnd  
stations. Provislons a r e  made either to pulse tllc con- 
t ro ls  of the model or  to flre very s m d l  rockets aligned 
in a direct ion perpendicular  to the center  line of the 
model, .thus pl*oducirig input disturbances.  

The rocket-powered model technlque s h a r e s  with the 
free-fal l  technique the important  advantage that large 
models  can be tested wlth correspondingly la rge  test  
Reynolds number. But it a lso shares  the disadvantage 
that the costly model Is destroyed upon Impact after the 
tes t  run Is completed. 

If the instrumentat ion and te lemeter ing  equlpment Is 
sufficiently accurate,  statlc and dynamic stability de-  
rlvatlve data can be obtained f rom these tes t s  In a man- 
ner  s imilar  to that for full-scale dynarnlc flight testing 
technlques described in the next sect ion.  

Aeroelastic effects on stability derivat ives can be ob- 
tained by this nrehod U two models constructed of differ- 
ent materials ;me used; for exan~ple,  i f  one is construct- 
ed of s teel  ailal the other of aluminum. 

SECTION 4 - FULL-SCALE FLlGlrl '  TE:STING I 
After t l ~ o  full-scirle prototype ol a par t icu lar  airplarre 
hxs been built,  the e s t ima te s  of stability der lva t lves  
f rom theory and nrodel tcstlng car1 be veriflcd and r e -  
filled by m a n s  of full-scale flight tests .  However, such 
a test lng p rog ram Is r a r e l y  c a r r i e d  out because the 
t ime,  effort,  ;md speclal equipment l~ivolved nlake it a 
very costly procedure. Opttnlum flight tcst  techniques 
:ind data reduction lnethods applicable to all a l r c r a f t  
have  rut bcen worked out; consequently, a f l a rge  part  of 
a fllght tcst program niust necessarily be devoted to the 
dcvelopnlt?r~t of tccl~nlques for  testing a part icular  a i r -  
pl:lne. In :rddltlon, the lnstrumentntion of the airplane 
to be used In determlning the f r e q u e ~ c y  response and 
st;lblllly derivatives must bc of higher quality than that 
r equ i r ed  m e r e l y  to den1onstr;ite sn t i s fac  tory flying 
qu:rlilics. In the p;rst, the iicac~d for such n f l ~ g h t  test  
proc:r:llri, except for a cadc :~ l~ i c  pu rposes ,  has  hardly 
11ee11 g r r : ~ t  c n o ~ ~ g t l  to justify the expense. 

The rr~;tin rc;lSOll why these costs  h:lvc' not been ilrcurrcd 
is  t l~a t  tllr s l~c~ci f ic i~ t ions  whiclr Ilnve beer1 set  up by the 
n11lit~r.y scrvic:cs for pilotcrd n ~ r c ~ . : ~ f t  do not cxl~lici t ly 
rc:q~~irc. t11;tt statl~lity (1criv;ttivc:; I)e obt;~inrd f i~oi~r  flight 
t t . s t i r l ( : .  'l'lrcsc spccific;llio~r:; a r e  1);ased to a considcr-  
ablv cxtcnnt ullc,n a I;rrg(? nu111l~cr uf o l ) i ~ ~ i o l ~ s  cxprtrssed 
t ~ y  j ~ i l r ~ t s  (:orrcerltllr(: LJc:j~~.:tt)ie 01, urltlcsir:lhle flyillg 
q u ; ~ i ~ t I ~ ~ : ;  c;f ;ill tylw:; of rrrilit;~ry ;li~,c.raft. Cor~:~c~c~uc~nlly , 
I I I I J : ; ~  of 111(: f u I I - h ~ . ; t l ~ :  f 1 1 ~ : 1 1 t  1ost111[: fur  stilbilrty a11d 
cor~trcil I:, c ; i r r icd  out for Llrc o l ~ e  1)url)usr of tlt1111u11- 
! , l ~ ~ ~ I t r i ~ ~ ;  t t ! : ~ t  t l i ~  co~~t r ;~ i : tor 'h  ~ ~ ~ r ~ ~ t i ~ : u l ; ~ r  : I I I . ~ I ~ : I I I ~ :  i~rct!ts 
t i l l ~ : , l ,  > .~l~~c:if i~~;t t ron:: ,  

some derivat ives could be obtained. For example, in 
demonstrating the rolling resl)onsc of the airplane due 
to aileron deflection, the derlvattves C 1 6  and C could 

'0 - 
be obtained, and in denlollstrating the D ~ Z C ~  roll damp- 
ing characterlstics of the airplane, the frcquenc y of thc 
osci l lat ion could be measu red  t o  give the value C, . 

R 

The important point reinalns that the milltary serv ices  
do not require that fllgllt tests  be conducted to obtain all 
the stability dertvntives o r  to obtain the frequency re -  
sponse of the airplane to control Inputs from whlch stn- 
bility derivatives ccwld be derived, and consequently this 
so r t  of fllght testing is not usually ca r r i ed  out. 

At the prcsent t ~ m c ,  it is believed t11;rt flight testing of 
the full-scale airplarle for the purpose of o l ~ t ; ~ i n i ~ ~ g  s ta -  
bility dc3riv:ltives and frequcrlcy rcsporlsc daln is of I I I U C ~  

more tt1:in purely ac;itlcrrlic irltc:rest irrrd sl~ould be con- 
sidered nc!cc.ss;cry 1101 ollly I)i~c:;iuse of the strir~(:crrt r e -  
quircnlents elf the :iutul)ilut syh t c~u  n ~ l c l  the c o ~ ~ t r o l  feel 
system ~ I I  i i t t ; r u l i l ~ ~ :  tlcsir:rl)l(~ f l y ~ r l l :  clu:ilities but bcc.ause 
today's  ail.cr;lft ;ire opc~';itlnl: 111 t ! ~ c  t~ ' ; tnso~lic  reg ion  
w11c'l.c i r t ~ r o d y ~ ~ ; r ~ l ~ ~ c  s t : r I ~ i l ~ t y  a11e1 colrtrol d;r t ;~ fro111 
t ts t ini ;~(ior~ proccdu~.cs ~n1.i 111odel ttl.-;ls art! U I ~ I ' L ~ ~ I ~ ~ ~ C .  

In g c r ~ ~ , r ; t l ,  tllcrc :1rtt three llrl:hl tc:;t tcci l l~i t lu~>s fronr 
w l h  s t : i ~ I l y  i ~ ~ i v ~ t v ~ s  I I ~ I I ~ I I I ~ :  ( 1 )  s t t>: l i ly  
f l i ~ , l r l  t cc l~r~i ( l~~t ! ,  (2)  ~ I . ; I I I S I ~ > I I ~  I , ( : ~ ~ ) c ) I I > L ~  t ~ ~ ~ ~ l r ~ i i ( ] l i c ~ ,  allti 
( 3 )  s i ~ ~ u s c ~ i t l ; ~ l  o s ( . i l l ; ~ t i o ~ ~  t ( ~ c ~ 1 1 1 1 1 ( l u o ,  E : I~ ' I I  of tlicasc 
~r~ctlio(i$; ts tlisc:~~:;st*ti i l l  t l l i !  ~ ~ ~ I ~ ~ I ~ V I I I ~ :  ])i~[;e<s, 

( ; I)  S'l'p: Al)Y 11'1 ,l(;Il'l' ' I 'I~:l '}iN\~J\JI~~S 



i , 1 : ; - . . ( 1 . ; .  i , : ;~t :111i1 : :.fi;ifly-turr~Irr ; f!il:l1t nild a r c  to I,e 
; : I  , 1 1 1  , I : '  I.. ' I  fl.O!!l tllc : : ~ l l ! l~~o l~ l~ l l  ~ l ~ , ~ : i l l : ! ~ l ~ l l l  t ~ !CI l l ! !~~~ l~  
, I : , . I ,  , II .J- ' : ,  r ( , i , , r r .  ,I to ; iL;  (I!.! .;l,!;.~:y htc1tt2 o..::l:- 
1 , i t i i i  t .  I 11:~1,:11,.. 1 3 . 1  ) ~ ~ : r i , l ,  tile ! l : . , ~ ~ ! ~ - : ~ l ~ ~ : ~ i ~ ; l ~ ~  l f ~ t 1 1 -  
i ' ! l 1 l l < , L  , I  I . I  l l l i . !%! ( ~ i . 1 ~  . : .. 1 . -. it\ , .  - - ~ , l : ~ l 1 1 1 1 ~ ~  ,i~:1~1\+LLl*!~!:;; YI:,!,c- 
: I :  , , , I  ~ ~ , ~ . ~ l : ~ - l i ~ ~ . l ~ i r ~ :  ty[t*: r i~ , ln t !~~*~e~ ' ! i  11~rr11it sev~1.:11 djj- 
~i.(!r~i!: ticl-lv;ilivc.s, cucll asc ,  ar~d c 1  , to bc oL~!ain~.d. 

9 P 

! > y  f11:;l : ; l ; lb i i lz l r~~ tllc a l rp lane  i r ~  stralght  and level 
Ili:;l~t ;it dl i fcrcnt  a i r speeds  and nt different center  of 
~:r,tvlty lucatiunri, and tlicn rncasurtng the elevator r e -  
qu1r1:d lor t r hn ,  it Is po:;slble to Obtain numerical values 
for ccrtaln c_nrnb_l?gJ&_n_s 01 otablllty derlvat lves made 
up uf 11uch durlvutivo~i ilu CDu , , , c , e 8 E  , and C. . 

&E 
In muny cation, howovor, tho oxpllclt vnluo of each de- 
rlvritlvo cllnnot bo abtnlnod siopurutoly unlosa tho vuluoe 
of tha otllor dorlvatlvuu cun  bo nn:jurned o r  e s t i n~n ted  
f rom rnndol terrts o r  a dlfforont flight teut tochnlquo , 

If tit'liuly pull-up typo mnnouvore a ro  portormod at  con- 
fitclnt lo rwurd  tlpood tho valuo of cmq cnn bo roughly 

ovaluulad, If C,, l e  known, ~ I n c e  tho addltlonnl elovntor 
Le 

dufloctlon ovor that roqulrod tor t r lm can be rneu~urad  , 

3t1,11dy t~lduellps ylold drcta both on tho ~ t u t l c  dlroctlorinl 
dorivutlvu~~ c , ~ ,  c ,,,, , arid c I f l ,  rrnd on UIG control dorlva- 

,. ,. 
tlvos CyIR , CllIII  CnIA , and C I , ~ ,  Huro nuuln, Rowovos , 
ntr with tho lon~ltudlnnl catlo, nono of tho der  l vn t l ve~  cnn 
l o  oveluutad oxpllcl t ly unlesb  valueo of eoma of the 
ottleru nra uo~utnod.  Thle procoduro I Y  not an di;Iicult 
us It nluy at f l r t ~ t  uppenr. Fllght tatit vuluoe of C can 

"P 
bo ont~lly obluined by moueurlng tho porlod of the Dutch 
roll ouclllutlon; and alloron effoctlvorroe~, C, , cnn be 

' A  
utjtimntod fulrly accurately from model toats and rnte of 
rol l  f l i ~ l l t  toots. I1 crib , and c,,, a r e  known, the rs- 

n~alrldur of the stntlc dlrectlonal derivatlvee can bo eval- 
untud from tho oirnple etendy fltght elde force,  yawlng 
rt~ortlorit, and pltchlng moment equatlone: 

v;licrc i , tilo ellectlvo rudder nr l r~  from the cg of the 
) 1 <  

l i  :i . . l , . + ' l y  , 'at[? of r.c,ll car1 hc cl;t:,I~1tshcd fo r  il (:lvcll 
: . I t  , I  I I O I I  ; ~ l l r~~ .o r l  dcfl( :cl l i~n,  r ~ ~ c a : i u r c n ~ c : ~ ~ L s  of tlio 

1 ,  . I /  I 1 1 1 1 1 1  ,: vc~loc:lty :IIILI uf t11c ; I I I I : I , U I I  d~ 'fI t~t t1011 r e -  
t i t ~ l ~  i I I I f I 1 1 t  ( Lo C,, II.UIII 

I " A 

''11 1;;: l,l:llii.:i~.~.r:~~ \:,i;ic!!l , ! l , l ,  l ! , i - , t l  1 . 1  t l , , , : , . :  l L  . ly l : l i . l ,L  

LcC~l:iiii~.!~:.i ,ir<! ~ ~ l ~ : ~ ! . ~ ~ ~ ' i ! r .  ! .:!i ; j : i l , L  ~1 l l i ! :  [:, ' ? L ( ; ~ , * I '  ?'  , 

dernol1:;iratioll L1,::t )\L;,  : : I I ~ ; I . ~ . , . I :  t . im.~:t.;  ~ ! ~ l l ~ l . ; ~ r y  :,l:!i~lll!; 
and control rc'qulrcli:>~~ts. ':'IIL.:>I: L I ~ I L : ~  x;vfll ti~!:rt:loci~ be 
readily aval1;iblc for  ill1 prvtotyl~c t ~ ~ l l l l : ~ r y  ;111'('l';~:t. It 
may be scen, however, t11:11 l l ~c sc  teclu~tqucs yicld litlle 
Information on many of tllc d y n a ~ l ~ t c  dcrlvatlves; eltller 
the slnusoidal osclllution technique o r  the translent r e -  
sponse  technique m u s t  bc used  to obtain such  d a t a .  

(b) SINUSOIDAL OSCILLATION TECHNIQUE 

Ths st?~:~c!rl~.I orjcUlntlon toch~iquo ie the most elliborate 
mothod of establtshlr~fi thu trims!os functlon of tho nlr-  
p!ivle. Although fitability dorlvrctlvos cmnot bo obtnln~ld 
dlroctly by thl8 mothod, It 1s po~wlble  to dorlvo vnluou 
of cortaln combinatlon~ of dorlvntlvon from plots of the 
trrlntrier functlon, 

Slnco thls fllght tortt Iochnlquo c o n ~ l ~ t u  of moneurlng the 
elnutloidnl rotrponso of tho olrplano to a sinuuoldul con- 
trol Input, Home eort  of sino wavo gunorntor oqutpment 
la requlrod to nctuitto tho control ~ u r f n c e  In tho d o ~ l r e d  
mannor, Lf tho aircraft  hne an nutopilot, it la rolutlvoly 
a slrnple task lo food the output a1 a a h o  wnve gonorator 
Into the nutopilot aorvo mo to r ,  

The advan tn~e  of the slnuootdal oclcillntlon tochnlquo In 
estnbllshlng t ranvfur  functlone la thnt It givos fair ly 
accurnte rovulte ovor a wtdo rango of froquoncioo. It 
!Y uueful In cortaln fraquoncy runcuo whoro tho oxnct 
form of tho trnnslos function lo In quootlon, It cnn ale0 
be qulto ueoful In eotnbllehlng tho oxltltonce of uni,tondy 
flow phonomonn or ln corrulntlng thoorottcnl pr~rt ict ions 
of unvtoady flow phorkomona, since most unetendy flow 
theory available at  the present  time Is  bused on steady 
etate slnuaoldnl oscl l lat tons.  

The dlsadvnntaye of the slnuootdal osclllation techniquo 
is thnt It  requtros much moro IIlgl~t restlng tinlo thvl the 
transient  tcchnlquu becau : ?~  tho alrplnno nlubt bo st.1- 
bi lked  at ench valua of input frequency, ~d nl:uly fits- 
blllzed polnts aro required L.) dcftnc :he co~nplcte tr,ino- 
ie r  functlon of the alrframc over the frequency rnncc of 
Interest .  

To obtaln stability dcrlvativcs from st1iu~0id.i1 o~cl l ln1 l~11 
testlng, the responsc d:~tn a r c  plotted on log 1ilod~11u:l- 
frequcncy cli:lrts (Dide cIi:~rts) WIIIC ' I I  3i.e t h~m C : ~ . I I I I ~ I I ' ~  

for  tile posltior~ of f i r s t  i ~ r ~ i l  S ~ ~ C L I I I ~  o r d ~ l r  br~,.!k l ~ o l ~ i l s  . 
(OIIC 1s attlt!d 11cr.c 11y ccrrrcl:~llor~ \\'!(h t11,xor, tlcnlly t l ~ n -  

r lv td  tlv;ln:,1~:r ~ I I I I C - 1  1oli:j.) S ~ I I C ?  ~ I I ~ , ! , C >  b ~ , ~  .:I, p:it~!t: ; L ~ C  

dctcr~utiicti by va~ . lu i~s  : ; O I , C I ~ ~ ~  C O ~ , : \ ~ ~ I I : I I I A ~ , , . ;  cil :.L.II~II!LV 
der l~ : \ t lvcs ,  c:\llcd "Lr : i l~~ , ic~ '  funcIlo11 (. , I ,  i , ~ ~ ' i c , ~ i l : , , "  I l l ?  

v:1I11c of e:1c11 ci '~l~Iv~lt l1~~~ c.Il111~11 It,, (,! t,11>11: I\, L l  : L Ij .! l . . i l .  ly, 
~ ~ O W L ' V C ~ ,  i f  lllc v;i\ilts:; of !;o~,~c! ui 1 1 1 ~ .  ~ l ~ ~ r i ~ , . . i l l \ , ,  .. < . I l l  

bc ot~l.~ltlt'(I f1 .0111  v:Iilcl I I I I I I I L ~ ~  C ~ . , l l ~ ~ ~ . : t t ~ : ,  01. ~ L . ~ ~ I I I  : t % ,  , I !  

: ; l : t t c %  l l i l~, l~t  I I ? ~ I I I I I I ~ ~ I , ~ ~ ; ,  t l i , ,  i , , , , , l  , - , I . , I  01, 11 , I , ~ l ~ , ~ ~ ~ . , ~ t ~  $ 1  
11~0111 111,! 11.;111:~1~,1. 111 L ~ ~ ~ I I I  ell. L I ! ~ . I , . I I ~  v.,1i1. : . .  , I . I I L  , . i:. 














